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Abstract

First let k be a field of characteristic different from 2, and let K be the exten-
sion of k obtained by adjoining the symmetric functions of the independent
transcendental elements α1, α2, ..., αd for some d ≥ 3. For each prime `,
we examine the natural `-adic representation of the absolute Galois group
of K associated to the “generic” Jacobian J of the hyperelliptic curve over
K whose Weierstrass roots are the αi’s. In particular, we show that the
image of the absolute Galois group in the group of automorphisms of the `-
adic Tate module T`(J) contains the entire symplectic group Sp(T`(J)) when
` 6= 2, and that it contains the level-2 congruence subgroup Γ(2)�Sp(T2(J))
when ` = 2. We also derive formulas for generators for the field extension
K(J [4])/K, as well as formulas for generators of K(J [8])/K in the case that
J is an elliptic curve.

We then give a full desription of the infinite algebraic extension of K
generated by the coordinates of all 2-power torsion points of J when d is 3,
5, or 6, by giving recursive formulas for the generators. This is done in all
of the above cases by associating to J a regular tree and assigning elements
of the algebraic closure of K to the vertices of the tree. We also use these
constructions to describe several other algebraic extensions of K related to
the subgroup of dyadic torsion of J .
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Chapter 1

Introduction

Over the last fifty years, the natural `-adic Galois representations associated
to abelian varieties have been objects of great interest to number theorists
and algebraic geometers. Descriptions of the images of such representations
associated to an abelian variety often determine its endomorphism ring, and
shed light on such problems as the Hodge conjecture and the Mumford-
Tate conjecture. This dissertation contains results describing the natural
Galois action on `-adic Tate modules of Jacobians of hyperelliptic curves,
as well as results which give generators for fields of definition of various
torsion subgroups of these Jacobians of 2-power order. We will present these
results and their proofs, as well as relevant background information, in several
chapters.

1.1 Outline and conventions of dissertation

1.1.1 Outline

In this chapter, we will introduce notation used throughout this thesis, the
main objects that our results will be concerned with, and several background
results. In §1.2 we define the Jacobian of a hyperelliptic curve over a certain
function field and completely describe the 2-torsion points of this Jacobian
as well as the field over which they are defined. In §1.3 we discuss the
natural `-adic Galois representations associated to this Jacobian, describe
some background results concerning the images of these representations, and
give our result on their images in the “generic” case.
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In Chapter 2, we develop some topological constructions which will be
needed to prove several results for hyperelliptic Jacobians defined over a
field containing C, including descriptions of the `-adic image of Galois for
any prime `, the field of definition of 4-torsion of a hyperelliptic Jacobian of
any dimension, and the field of definition of 8-torsion of an elliptic curve.

In Chapter 3, we use sequences of 2-isogenies of elliptic curves to derive
generators of the field of definition of all 2-power torsion of an elliptic curve.
We use this construction to give a description of the field extension obtained
by adjoining the x-coordinates of all 2-power torsion points of an elliptic
curve, as well as a partial description of the field of definition of the 2n-
power torsion for each positive integer n.

In Chapter 4, we use sequences of (2, 2)-isogenies of Jacobians of genus-2
hyperelliptic curves to derive generators of the field of all 2-power torsion of
the Jacobian of a genus-2 hyperelliptic curve. We use this construction to
give a description of the field extension obtained by adjoining the coordinates
of the images of all 2-power torsion points in the corresponding Kummer
surface.

1.1.2 Notation

We adhere to the following notational conventions throughout this disserta-
tion.

If S is a set, we write |S| for the cardinality of S.
If N is a group or a module containing elements a1, a2, ..., am ∈ N , we

write 〈a1, a2, ..., am〉 for the subgroup or submodule of N which they generate.
We often use the symbols “<” and “>” to indicate inclusion of subgroups or
sublattices.

For any group G of automorphisms of a free R-module, where the ring
R is Z, Z2, or Z/2nZ with n ∈ Z≥0, and for any integer r ∈ Z, we write
r ∈ G for the scalar automorphism corresponding to the image of r under
the obvious ring homomorphism Z → R. In particular, 1 ∈ G denotes the
identity automorphism, and −1 ∈ G denotes the automorphism of G which
sends each element to its additive inverse.

For any group G of automorphisms of a free R-module, where the ring
R is Z or Z` for a prime `, and for any integer N ≥ 1, we write Γ(N) � G
for the kernel of reduction modulo N (which we call “the level-N congruence

2



subgroup of G”); in other words,

Γ(N) = {σ ∈ G | σ ≡ 1 (mod N)}.

We fix, once and for all, a complex number
√
−1 ∈ C whose square is −1.

Given a field k and an algebraic closure k̄ of k, we fix, once and for all, a
compatible system of Nth roots of unity ζN ∈ k̄ for N = 1, 2, 3, ...; that is,
we have ζN

′

N ′N = ζN for any positive integers N and N ′. If k ⊂ C, then we
put ζN = {e2π

√
−1/N} for N = 1, 2, 3, .... For any prime `, let µ` ⊂ k̄× denote

the subgroup generated by {ζ`n}n≥1. We write T`(µ) for the inverse limit
of the system of subgroups 〈ζ`n〉 ⊂ k̄× under the `th-power homomorphism
[`] : 〈ζ`n+1〉 → 〈ζ`n〉; although T`(µ) is a free Z`-module of rank 1, we will
consider it as a multiplicative group.

Let X be a complex manifold (resp. a scheme over a field k), and let t
be a point (resp. a k-point) of X. Then if F → X is a family, we denote the
fiber over t by Ft.

1.2 Hyperelliptic Jacobians

The main object of study in this dissertation is the Jacobian of a hyperel-
liptic curve. Most of the results will concern the Jacobian of the “generic”
hyperelliptic curve of degree d ≥ 3; therefore, we will start by defining this
object over a ground field in which the Weierstrass roots are transcendental
over its prime subfield. Since some of the results concern the fields of 2-
power torsion of these Jacobians, we will then give a full description of their
2-torsion subgroups, and state the main results which describe their fields of
higher 2-power torsion.

1.2.1 Definition and construction

Let k be any field of characteristic different from 2. Fix an integer d ≥ 3;
let α1, α2, ..., αd be transcendental and independent over k; and let K be the
subfield of k(α1, ..., αd) generated over k by the symmetric functions of the
αi’s. We fix an algebraic closure K̄ of K. Then

y2 =
d∏
i=1

(x− αi) (1.1)
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is an equation for an affine hyperelliptic curve C ′ of degree d over K. We
construct a smooth, projective model C of this curve as follows. Let C ′′ be
the curve defined over K given by the equation

y′2 = x′
d∏
i=1

(1− αix′) (1.2)

if d is odd, and by the equation

y′2 =
d∏
i=1

(1− αix′) (1.3)

if d is even. We glue the open subset of C ′ defined by x 6= 0 to the open
subset of C ′′ defined by x′ 6= 0 via the mapping

x′ 7→ 1

x
, y′ 7→ y

xb(d+1)/2c ,

and denote the resulting (smooth, projective) curve by C. If d is odd, C has
one “point at infinity” given by (x′, y′) = (0, 0) ∈ C ′′(K), which we denote
by∞; if d is even, C has two “points at infinity” given by (x′, y′) = (0,±1) ∈
C ′′(K), which we denote by ∞1 := (0,−1) and ∞2 := (0, 1). (See [18], §1
for more details of this construction.) It is well known that the genus of C
is g := b(d− 1)/2c; i.e. d = 2g + 1 or d = 2g + 2. (Note that our definition
of a hyperelliptic curve will include the case where d = 3 or d = 4 and the
curve is an elliptic curve.)

There is an obvious degree-2 morphism C → P1
K defined over K, which

is defined on C ′ by projection onto the x-coordinate, and which sends the
point(s) at infinity to ∞ ∈ P1

K . By the Hurwitz formula, this morphism is
ramified over exactly 2g+ 2 points in P1

K̄
, which we call the branch points of

C. We denote this (2g + 2)-element set of branch points by B. It is easy to
see that if d is odd, then B = {αi}di=1 ∪ {∞} ∈ P1

K̄
, and if d is even, then

B = {αi}di=1 ∈ P1
K̄

.
For any algebraic extension K ′ ⊃ K, we denote by Div0(C)(K ′) the group

of degree-0 divisors on C which are fixed by Gal(K̄/K ′), and we denote by
Pic0(C)(K ′) the quotient group of Div0(C)(K ′) modulo divisors of functions
in K ′(C)×. (When the field K ′ is clear from context, we will denote these
groups simply by Div0(C) and Pic0(C).) There is an abelian variety J defined
over K which represents the assignment K ′ 7→ Pic0(C)(K ′); i.e. J is a
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projective group variety such that for any extension K ′ ⊃ K, J(K ′) and
Pic0(C)(K ′) are isomorphic as abstract groups (see §1 of [14]). We call J the
Jacobian of C; it is an abelian variety over K of dimension g. An explicit
construction of the Jacobian of a hyperelliptic curve is given in [18], §2.

For any integer N ≥ 1, let J [N ] denote the N -torsion subgroup of J [K̄];
by the results in §6 of [16], J [N ] is a free Z/NZ-module of rank 2g. We let
K(J [N ]) denote the (finite algebraic) extension of K obtained by adjoining
the coordinates of all K̄-points of J [N ].

1.2.2 Fields of 2-torsion of hyperelliptic Jacobians

Note that the extension K({αi}di=1)/K is Galois, and we may canonically
identify the Galois group Gal(K({αi}di=1)/K) with Sd, the symmetric group
on d objects. For any subgroup H ⊂ Sd, let K({αi}di=1)H denote the subfield
of K({αi}di=1) fixed by H ⊂ Gal(K({αi}di=1)/K).

We now describe completely the subgroup J [2] as well as the field exten-
sion K(J [2])/K for any degree d ≥ 3. This result is already well-known; for
instance, the description below of the elements of J [2] is given in [18] (the
statement and proof of Corollary 2.11) for hyperelliptic Jacobians over C.

Proposition 1.2.1. a) The 2-torsion subgroup J [2] consists of all elements
of Pic0(C)(K̄) represented by elements of the form

eU :=
∑
α∈U

(α, 0)− |U | · (∞) ∈ Div0(C)(K̄)

if d is odd, and of the form

eU :=
∑
α∈U

(α, 0)− |U |
2
· ((∞1) + (∞2)) ∈ Div0(C)(K̄)

if d is even, where U ⊂ B is a subset of even cardinality. For two subsets
U,U ′ ⊂ B of even cardinality, eU , eU ′ ∈ Div0(C)(K̄) represent the same
element of J [2] if and only if U ′ = U or U ′ = B \ U .

b) The Galois group Gal(K{αi}di=1)/K) acts on the representative of each
such divisor eU through its action on B ⊂ P1

K̄
(where the points at infinity

are fixed by all Galois elements).
c) If d 6= 4, we have

K(J [2]) = K({αi}di=1) (1.4)

5



and Gal(K(J [2])/K) ∼= Sd. If d = 4, we have

K(J [2]) = K({αi}4
i=1)V (1.5)

and Gal(K(J [2])/K) ∼= S4/V ∼= S3, where V is the unique normal order-4
subgroup of S4.

Proof. We first note that for each αi, the divisor of the function x − αi ∈
K(C)× is 2(αi, 0) − 2(∞) ∈ Div0(C)(K̄) (resp. 2(αi, 0) − (∞1) − (∞2) ∈
Div0(C)(K̄)) if d is odd (resp. if d is even). It follows that for any subset
U ⊂ B of even cardinality, 2eU is a principal divisor. Thus, each eU represents
an element of J [2].

Now assume that U,U ′ ⊂ B are subsets of even cardinality and that eU
and eU ′ represent the same element in J [2]. Then eU − eU ′ is a principal
divisor. But clearly eU − eU ′ represents the same element as eU◦U ′ in J [2],
where U ◦ U ′ = (U ∪ U ′) \ (U ∩ U ′), so it will suffice to show that eU is a
principal divisor if and only if U = ∅ or U = B. It is easy to see that eB is
the divisor of y ∈ K̄(C)×. It follows that eU represents the same element as
eU + eB, which is clearly equivalent to eB\U . So by possibly replacing U with
B \U , we may assume that U consists of K-points of P1

K̄
\ {∞} and |U | ≤ g.

If eU is the divisor of a function g, clearly this function has no poles at any K̄-
point of C ′, so g must be a polynomial in x and y. Since the divisor of poles
of y has degree d and the divisor of poles of g has degree ≤ g = b(d− 1)/2c,
g must be a polynomial in x only. Then if U is nonempty, (x−α)|g for some
α ∈ U . But the order of (x− α) is 2 at the point α ∈ C ′(K̄), and g/(x− α)
can have no poles on C ′, which contradicts the fact that the divisor of g is
eU . Therefore, U = ∅, as desired.

By what has been proved above, the set of points in J [2] represented by
divisors of the form eU for U ⊂ B a subset of even cardinality is parametrized
by the partitions of B into 2 even subsets. By an easy combinatorial argu-
ment, there are 22g such partitions. But |J [2]| = |(Z/2Z)⊕2g| = 22g, so these
divisors represent all elements in J [2]. Thus, part (a) is proved.

Part (b) is clear from the definition of eU for each of the subsets U ⊂ B.
Since each element eU is clearly a divisor in Div0(C)(K({αi}di=1)), we

have the inclusion K(J [2]) ⊆ K({αi}di=1). If d 6= 4, then clearly the only
permutation in Sd ∼= Gal(K({αi}di=1)) which fix all partitions of B into 2
even subsets is the identity, and it follows that K(J [2]) = K({αi}di=1). One
checks that the subgroup of permutations in S4 which fix all partitions of a
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4-element set into 2 even subsets coincides with V � S4, and thus, if d = 4,
we have K(J [2]) = K({αi}4

i=1)V . This proves part (c).

1.2.3 Main results concerning 2-power torsion

Since the extension K(J [2]) has such a nice description, it is natural to ask
for a description of K(J [2n])/K for n = 2, 3, .... In §2.4, we present and prove
a result (which is a generalization of Proposition 3.1 of the author’s paper
[32]) that gives generators for K(J [4]) over K(J [2]).

Theorem 1.2.2.
(a) If d = 2g + 1, then

K(J [4]) = K(J [2])(ζ4, {
√
αi − αj}1≤i<j≤d). (1.6)

(b) If d = 2g + 2, then

K(J [4]) = K(J [2])(ζ4, {
√
αi − αj

∏
1≤l≤d−1
l 6=i,j

√
αl − αd}1≤i<j≤d). (1.7)

In §2.5, we present and prove a result that gives generators for K(J [8])
over K(J [4]) in the case that J is an elliptic curve.

Theorem 1.2.3. Assume that d = 3 or d = 4 (i.e. g = 1). For i = 1, 2, 3,
considering i as an element of Z/3Z, choose an element Ai ∈ K(J [4]) such
that A2

i = αi+1 − αi+2 (resp. A2
i = (αi − α4)(αi+1 − αi+2)) if d = 3 (resp. if

d = 4). Then

K(J [8]) = K(J [4])(ζ8, {
√
Ai(Ai+1 + ζ4Ai+2)}1≤i≤3). (1.8)

We are not able to explicitly describe the extensions generated by 2-power
torsion points for higher powers of 2. However, in Chapters 3 and 4, we give
recursive formulas for generators of the full extension K(J [2∞])/K generated
all 2-power torsion points of J when d = 3 (Theorem 3.2.1) and when d = 5, 6
(Theorem 4.2.1) respectively. Moreover, in the g = 1 case, we are able to
use these recursive formulas to completely describe a particular biquadratic
extension of K(J [2n]) for each n ≥ 2 (Theorem 3.3.2). These results can also
be found in the author’s preprints [30] and [31] respectively.
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1.3 Galois actions on `-adic Tate modules

This dissertation largely deals with the action of the absolute Galois group
of K on the torsion subgroups of J . Fix an algebraic closure K̄ of K. Note
in particular that for any integer N , the multiplication-by-N map on J is
defined over K, and therefore, the absolute Galois group Gal(K̄/K) acts
on the torsion subgroup J [N ]. In particular, for any prime ` and integer
n ≥ 0, Gal(K̄/K) acts on J [`n]. Moreover, this action commutes with the
multiplication-by-` map [`] : J [`n+1]→ J [`n] for each n ≥ 0. Let

T`(J) := lim
←n

J [`n]

denote the inverse limit of the projective system {J [`n+1]
[`]→ J [`n]}. We

refer to T`(J) as the `-adic Tate module of J ; it is a free Z` module of
rank 2g. It follows from the above discussion that the action of Gal(K̄/K)
on J [`n] for each n induces an action of Gal(K̄/K) on T`(J). We write ρ` :
Gal(K̄/K)→ AutZ`(T`(J)) for the homomorphism induced by this action; ρ`
is a continuous homomorphism from the profinite Galois group Gal(K̄/K) to
the `-adic algebraic group AutZ`(T`(J)). We denote the image of Gal(K̄/K)
under ρ` by G`.

Since J is the Jacobian of a curve, it comes equipped with a canoni-
cal principal polarization. For any prime ` and any n ≥ 0, the principal
polarization on J induces a canonical skew-symmetric alternating pairing

ē
(n)
` : J [`n]× J [`n]→ µ`n ,

known as the Weil pairing on J [`n]. It is known ([13], Lemma 16.1) that for

n ≥ 0 and P,Q ∈ J [`n+1], ē
(n+1)
` (P,Q)m = ē

(n)
` ([`]P, [`]Q). It follows that the

system of Weil pairings {ē(n)
` } induces a skew-symmetric alternating pairing

e` : T`(J)× T`(J)→ T`(µ),

similarly known as the Weil pairing on T`(J). (See [16], §20 or [13], §16 for
more details.)

It is well known that the Weil pairing e` is equivariant with respect to
the Galois action ρ`; i.e.

e`(P
σ, Qσ) = e`(P,Q)σ (1.9)
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for all σ ∈ Gal(K̄/K). It follows that G` is contained in the group of sym-
plectic similitudes

GSp(T`(J)) := {σ ∈ AutZ`(T`(J)) | e`(P σ, Qσ) = e`(P,Q)χ`(σ) ∀P,Q ∈ T2(J)},

where χ` : AutZ`(T`(J)) → Aut(T`(µ)) is a homomorphism which induces
the `-adic cyclotomic character of the Galois group Gal(K̄/K). If k contains
all `-power roots of unity, then e` is Galois invariant and G` is contained in
the symplectic group

Sp(T`(J)) := {σ ∈ AutZ`(T`(J)) | e`(P σ, Qσ) = e`(P,Q) ∀P,Q ∈ T2(J)}.

In the case that g = 1, the group GSp(T`(J)) (resp. the group Sp(T`(J))) co-
incides with the group GL(T`(J)) := AutZ`(T`(J)) (resp. the group SL(T`(J)))
of automorphisms of T`(J) of determinant 1).

For each n ≥ 0, we define GSp(J [`n]) and Sp(J [`n]) similarly. We denote
the action of Gal(K̄/K) on J [`] by ρ̄` : Gal(K̄/K)→ AutZ/`Z(J [`]); similarly,
the image Ḡ` of Gal(K̄/K) under ρ̄` is contained in GSp(J [`]), and if ζ` ∈ k,
then Ḡ` is contained in Sp(J [`]).

1.3.1 Open image theorems

In this subsection, we assume that J is the Jacobian of a hyperelliptic curve
defined by an equation of the form in (3.1) but that each αi is an element of
k, so that J is defined over k. We observe that, by Proposition 1.2.1(c), the
image Ḡ2 of ρ̄2 in GSp(J [2]) = Sp(J [2]) is isomorphic to a subgroup of Sd
(resp. to a subgroup of S4/V ∼= S3) if d 6= 4 (resp. if d = 4).

It is expected that for “most” hyperelliptic Jacobians J over a field k
of characteristic 0 which is finitely generated over its prime subfield, the
image of the absolute Galois group under ρ` is “large”, i.e. open with finite
index in GSp(T`(J)). It is clear that there exist hyperelliptic Jacobians with
endomorphism ring Z, and that in many cases (such as that of elliptic curves,
by Theorem 1.3.4 below), this implies a “large” Galois image, but it has
been shown (see §4 of [15] and §1 of [20]) that this implication does not
always hold for abelian varieties of dimension g = 4. On the other hand, the
following theorems show that there exist many families of Jacobians over a
given number field k for which this is the case for all (or almost all) fibers,
which immediately implies that the Galois image is “large” in the “generic”
case of §1.1.
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Theorem 1.3.1. (Zarhin, [34], Theorem 2.5)
With the above notation, assume that k is finitely generated over Q and

that the degree is d ≥ 5. If Ḡ2 is isomorphic to Sd or Ad, then G` is open
with finite index in Sp(T`(J)) for each prime `.

Theorem 1.3.2. (Zarhin, [35], Theorem 8.3)
With the above notation, assume that k is finitely generated over Q and

that f(x) = (x − t)h(x) for some t ∈ k and such that the degree of h is
d − 1 ≥ 9. If Ḡ2 is isomorphic to Sd−1 or Ad−1, then G` is open with finite
index in Sp(T`(J)) for each prime `.

Theorem 1.3.3. (Cadoret-Tamagawa, [6], Theorem 1.1 and Theorem 5.1)
With the above notation, assume that k is finitely generated over Q. Let X

be a smooth, geometrically connected, separated curve over k, and let A → X
be an abelian scheme. For each t ∈ X(k), we denote the fiber at t by At, the
corresponding `-adic Galois representation by ρ`,t : Gal(k̄/k)→ GSp(T`(At)),
and the image of Gal(k̄/k) under this map by G`,t; we denote the analogous
`-adic Galois image associated to a generic fiber by G`,X . Then

a) the subset S`,A ⊂ X(k) of t ∈ X(k) such that G`,t is not of finite index
in G`,X is finite; and

b) there exists an integer B`,A ≥ 1 such that the index of G`,t in G`,X is
bounded by B`,A for each t ∈ X(k) \ S`,A.

The above theorem says that when k is finitely generated over Q, for any
one-parameter family of Jacobians over k, all but finitely many of the fibers
will have the property that the `-adic image of Galois is uniformly “large” in
the generic image of Galois. Theorem 1.3.2 provides a one-parameter family
of Jacobians of hyperelliptic curves of degree d ≥ 10 for which this finite
subset is empty.

Meanwhile, it is known exactly for which elliptic curves the Galois image
is “large”, as in the following celebrated theorem of Serre.

Theorem 1.3.4. (Serre’s Open Image Theorem, [24], Chapter IV, §2.2)
With the above notation, suppose that J is an elliptic curve. Then G` is
open with finite index in GSp(T`(J)) = GL(T`(J)) if and only if J has no
complex multiplication.

Thus, “most” elliptic curves have a “large” Galois image G` for each
prime `. It is also known for elliptic curves (for instance by an application of
Proposition 1.3 of [19] to Corollary 1 of Chapter 6, §3 of [12]) that the `-adic
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image of Galois may coincide with the full automorphism group of its `-adic
Tate module.

1.3.2 Main result concerning images of Galois

We resume the notation of §1.2, where J is once again the “generic” hyper-
elliptic Jacobian over K. The results listed in §1.2 show that G` has finite
index in GSp(T`(J)). However, they do not (except in the case of elliptic
curves) provide any bound for G` in GSp(T`(J)). It is natural to ask exactly
how “large” G` is in GSp(T`(J)). Suppose that k contains all `-power roots
of unity, so that G` ⊆ Sp(T`(J)). Then if ` 6= 2, a priori it is possible for
G` to coincide with Sp(T`(J)). For ` = 2, we note that the order of the
symplectic group over F2 is given by

|Sp2g(F2)| = 2g
2

(22g − 1)(22g−2 − 1)...(22 − 1) (1.10)

(see Chapter III, §6 of [2]). Thus, by Proposition 1.2.1(c), for d 6= 3, 4, 6, G2

cannot coincide with Sp(J [2]).
The image under ρ2 of Gal(K̄/K(J [2])) is clearly contained in the kernel

Γ(2)�Sp(T2(J)) of the obvious reduction map Sp(T2(J))→ Sp(J [2]). Thus,
a priori the largest possible image of ρ2 is all of Sp(T2(J)) = SL(T2(J)) if
d = 3 or d = 4 and an extension of Sd by Γ(2) if d ≥ 5. The following result,
which is in the author’s paper [32] (Theorem 1.1 with the results of §4) and
which we prove in Chapter 2, says that the image of ρ2 is actually “as large
as possible” in this sense if k ⊆ C.

Theorem 1.3.5. With the above notation, assume that k is a subfield of
C. Then the image under ρ2 of Gal(K̄/K(J [2])(µ2)) coincides with Γ(2) �
Sp(T2(J)). For any prime ` 6= 2, the image under ρ` of Gal(K̄/K(J [2])(µ`))
coincides with Sp(T`(J)).

Corollary 1.3.6. With the above notation, assume that k is a subfield of C.
a) We have

|Sp(T2(J)) : G2 ∩ Sp(T2(J))| = 2g
2
(22g − 1)(22g−2 − 1)...(22 − 1)

d!
(1.11)

if d 6= 4 and G2 ⊇ Sp(T2(J)) = SL(T2(J)) if d = 4.
b) For any choice of (f1, f2, ..., fd) ∈ kd such that f(x) := xd+

∑d
i=1 fix

d−i ∈
k[x] has nonzero discriminant, let Jf/k be the Jacobian of the hyperellip-
tic curve defined by y2 = f(x). For each prime `, let ρ`,f : Gal(k̄/k) →
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GSp(T`(Jf )) be the natural `-adic Galois representation associated to Jf , and
let G`,f denote its image. Then if d 6= 4, we have

|Sp(T2(Jf )) : G2,f ∩ Sp(T2(Jf ))| ≥
2g

2
(22g − 1)(22g−2 − 1)...(22 − 1)

d!
(1.12)

for all such choices of (f1, f2, ..., fd), and we have equality in infinitely many
cases. If ` 6= 2, or if ` = 2 and d = 4, we have G`,f ⊇ Sp(T`(Jf )) for
infinitely many such choices of (f1, f2, ..., fd).

Proof. Part (a) follows directly from the fact that if d 6= 4 (resp. if d = 4),
then |Ḡ2| = d! (resp. |Ḡ2| = 6) and from (1.10). Since we have obtained each
Jacobian Jf by assigning elements of k to elementary symmetric functions of
the αi’s, it is clear that there is an injection of Galois images G`,f ↪→ G` for
each prime `, and part (a) implies the inequality in part (b). The fact that
equality holds in infinitely many cases follows from applying a suitable form
of Hilbert’s Irreducibility Theorem given by Proposition 1.3 of [19] and its
proof (see also [23]).
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Chapter 2

Families of Jacobians

The goal of this chapter is to study a family of hyperelliptic Jacobians over
C in order to obtain results concerning the `-adic image of Galois, as well as
some 2-power torsion fields associated to the “generic” hyperelliptic Jacobian
given in §1.2. We develop the necessary topological background material in
§2.1 and §2.2, and use it to prove Theorems 1.3.5 (in §2.3), 1.2.2 (in §2.4),
and 1.2.3 (in §2.5) in the case that k = C. Finally, in §2.6, we generalize
these results to cases where k is a subfield of C or where k is any field of
characteristic different from 2.

2.1 Topological preliminaries

In this section, we develop some well-known topological constructions involv-
ing configuration spaces, braid groups, and mapping class groups, which will
be needed for the rest of the chapter.

2.1.1 Configuration spaces and braid groups

For any integer d ≥ 3, we define Yd to be the complex manifold Cd \⋃
1≤i<j≤d ∆i,j, where each ∆i,j is the “weak diagonal” subspace of Cd consist-

ing of points (z1, z2, ..., zd) with zi = zj. We endow Yd ⊆ Cd with the subspace
topology and call it the ordered configuration space of d-element subsets of C.
Each point (z1, z2, ..., zd) ∈ Yd may be identified with the ordered d-element
subset {z1, z2, ..., zd} ⊂ C.

The symmetric group Sd acts on Yd by σ·(z1, z2, ..., zd) = (zσ(1), zσ(2), ..., zσ(d))
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for any permutation σ ∈ Sd. Let Xd := Yd/Sd be the corresponding quotient
space, which we call the (unordered) configuration space of d-element subsets
of C. Each point in Xd coming from a point (z1, z2, ..., zd) ∈ Yd may be iden-
tified with the (unordered) d-element subset {z1, z2, ..., zd} ⊂ C. It is easy to
see that the quotient map Yd → Xd is an unramified cover of degree d!.

The fundamental groups of the ordered and unordered configuration spaces
are well known and are given in [4]. Fix T0 := (0, 1, 2, ..., d − 1) as a base-
point of Yd; we denote its image in Xd by T0 as well. Then the fundamental
group π1(Xd, T0) may be identified with the braid group on d strands, de-
noted Bd. The group Bd is generated by elements β1, β2, ..., βd−1, where each
βi is the braid wrapping the (i+ 1)th point over the ith point in a semicircle
counterclockwise. A full set of relations is given by

βiβj = βjβi, |i− j| ≥ 2

βiβi+1βi = βi+1βiβi+1, 1 ≤ i ≤ d− 2. (2.1)

There is an obvious surjective homomorphism Bd � Sd given by map-
ping each braid in Bd to the permutation it induces on the d-element subset
corresponding to T0, or more explicitly, by mapping each generator βi to the
transposition (i, i + 1) ∈ Sd. It is clear that the fundamental group of the
covering space Yd of Xd with respect to the basepoint T0 ∈ Yd is canonically
identified with the normal subgroup Pd � Bd = π1(Xd, T0), where Pd is the
kernel of the above homomorphism Bd � Sd. We call Pd the pure braid
group on d strands ; it consists of all braids in Bd which return each of the
points 0, 1, ..., d − 1 ∈ C to their original positions. The group Pd is gener-
ated by elements {Ai,j}1≤i<j≤d, where each Ai,j is the braid wrapping the jth
point in a full circle counterclockwise around the ith point only and passing
underneath the points in-between. We have

Ai,j = βj−1βj−2...βi+1β
2
i β
−1
i+1...β

−1
j−2β

−1
j−1 (2.2)

for 1 ≤ i < j ≤ d, and a full set of relations is given in Lemma 1.8.2 of [4].
The following fact is shown in Corollary 1.8.4 of [4] and its proof.

Proposition 2.1.1. The centers of Bd and Pd are both generated by the
element

(β1β2...βd−1)d = (A1,2)(A1,3A2,3)...(A1,dA2,d...Ad−1,d),

which is of infinite order in Pd �Bd.
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2.1.2 Mapping class groups

For any i ≥ 0, let Xi denote the groups of self-homeomorphisms of the
complex plane which fix the subset {0, 1, ..., i−1} ⊂ C; and let Yi ⊂ Xi denote
the subgroup of self-homeomorphisms which fix each element 0, 1, ..., i− 1 ∈
C. Note that we have the inclusions of subgroups Yd ⊂ Xd ⊂ X0 = Y0;
we write ι : Yd ↪→ Y0 for this composition of inclusions. We endow these
groups of homeomorphisms with the compact-open topology and consider
them as topological groups. Note that two homeomorphisms f and g are in
the same connected component of X0 = Y0 if and only if there is a continuous
transformation H : [0, 1] × C → C such that for all t ∈ [0, 1], H(t, ·) is a
homeomorphism C→ C and with H(0, ·) = f and H(1, ·) = g; furthermore,
f and g are in the same connected component of Xd or Yd if and only if H
can be chosen such that for all t ∈ [0, 1] and z = 0, 1, ..., d− 2,∞, H(t, z) =
f(z) = g(z).

The (full) mapping class group (of the plane) π0(Xd, id) (resp. the pure
mapping class group (of the plane) π0(Yd, id)) is the quotient of the topo-
logical group Xd (resp. Yd) modulo the path component of the identity id.
We will use the abbreviated notations π0Xd and π0Yd for the full and pure
mapping class groups respectively. Note that since the ordered configuration
space Yd is path connected, π0Yd := π0(Yd, T0) is a singleton set and may be
identified with the trivial group 1.

Let ε : Y0 → Yd be the evaluation map defined by sending any homeo-
morphism f ∈ Yd to (f(0), f(1), ..., f(d−1)) ∈ Yd. Clearly, the inverse image
of T0 = (0, 1, ..., d− 1) ∈ Yd under ε is Yd.

Proposition 2.1.2. The evaluation map ε : Y0 → Yd is a fibration.

Proof. In [4], Birman defines the configuration spaces Yd(S) and the spaces
Y0(S) of self-homeomorphisms of the Riemann sphere S := C ∪ {∞} analo-
gously to how we have defined them for the complex plane. Similarly, we also
have an evaluation map ε(S) : Y0(S)→ Yd(S). Theorem 4.1 of [4] states that
this evaluation map is a fibration. Note that Yd is the subspace of Yd+1(S)
consisting of ordered cardinality-(d + 1) subsets of S whose last element is
∞; Y0 is the topological subgroup of Y0(S) consisting of homeomorphisms
which fix ∞; and ε is the restriction of ε(S) to Y0 ⊂ Y0(S). The desired
statement follows.
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It follows (see [5], Chapter VII, Theorem 6.7) that ε induces a long exact
sequence of fundamental groups

...
ι∗→ π1(Y0, id)

ε∗→ π1(Yd, T0)
∂→ π0Yd

ι∗→ π0Y0
ε∗→ π0Yd = 1. (2.3)

Note that the map ∂ : Pd = π1(Yd, id) → π0Yd can be described explicitly
as follows. Let γ : [0, 1] → Yd be a loop, with γ(0) = γ(1) = T0, and
let [γ] ∈ Pd be the corresponding equivalence class. Then γ lifts to a loop
γ̃ : [0, 1] → Yd with γ̃(0) = id, via the evaluation map ε : Yd → Yd. Note
that the self-homeomorphism γ̃(1) : C → C fixes the points 0, 1, ..., d − 1
since γ(1) = (0, 1, ..., d − 1), so γ̃(1) ∈ Yd. Then ∂([γ]) ∈ π0Yd is the path
component of γ̃(1).

Proposition 2.1.3. In the long exact sequence above, the image of ε∗ :
π1(Y0, id)→ π1(Yd, T0) = Pd coincides with the center of Pd.

Proof. The proof is analogous to the proofs of Lemmas 4.2.1 and 4.2.4 of
[4]. Choose any element of Pd which is in the image of ε∗. Then there is
a loop Γ : [0, 1] → Y0 with Γ(0) = Γ(1) = id : C → C whose image in
π1(Y0, id) is mapped to by ε∗. By the definition of ε, ε∗(Γ) is represented by
a loop γ : [0, 1]→ Yd such that γ(t) = (Γ(t)(0),Γ(t)(1), ...,Γ(t)(d− 1)) ∈ Yd
for t ∈ [0, 1]. Let β : [0, 1] → Yd be any other loop with β(0) = β(1) =
T0 ∈ Yd and β(t) = (β0(t), β1(t), ..., βd−1(t)) ∈ Yd for some βi : [0, 1] →
C. Let H : [0, 1] × [0, 1] → Yd be the continuous map given by H(s, t) =
(Γ(s)(β1(t)),Γ(s)(β2(t)), ...,Γ(s)(β(d − 1)(t))) ∈ Yd for (s, t) ∈ [0, 1] × [0, 1].
Since H(·, 0) = H(·, 1) = γ and H(0, ·) = H(1, ·) = β, H gives a continuous
deformation from the concatination of γ with β to the concatination of β
with γ. Thus, [β] and [γ] commute in Pd = π1(Yd, T0). Since [β] was chosen
as an arbitrary element in Pd, it follows that im(ε∗) is contained in the center
of Pd.

To prove the reverse inclusion, note that by Proposition 2.1.1, the cen-
ter of Pd is generated by the element (β1β2...βd−1)d. Since im(ε∗) = ker(∂)
by the exactness of the sequence in (2.3), it therefore suffices to show that
(β1β2...βd−1)d is in the kernel of ∂. The braid (β1β2...βd−1)d can be rep-
resented by the loop γ : [0, 1] → Yd given by γ(t) = (0, e2π

√
−1t, ..., (d −

1)e2π
√
−1t) ∈ Yd for t ∈ [0, 1]. This can be lifted to the loop Γ : [0, 1] →

Yd given by Γ(t)(z) = e2π
√
−1tz for t ∈ [0, 1] and z ∈ C. Since Γ(0) =

Γ(1) = id, it follows from the explicit description of ∂ given above that
∂((β1β2...βd−1)d) = 1.
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Proposition 2.1.4. The mapping class group π0Y0 is trivial.

Proof. Since C is the Riemann sphere with one point removed, this is given
in the statement of Theorem 4.4 of [4].

Corollary 2.1.5. The map ∂ : Pd → π0Yd is a surjection whose kernel
coincides with the central cyclic subgroup generated by (β1β2...βd−1)d ∈ Pd.

Proof. This follows directly from Propositions 2.1.1, 2.1.3, and 2.1.4, and the
fact that the sequence in (2.3) is exact.

2.1.3 Dehn twists

Let γ : [0, 1]→ C be a simple loop whose image does not contain any of the
points 0, 1, ..., d− 1 ∈ C; we also write γ for its image in C. The simple loop
γ ⊂ C is homeomorphic to the unit circle S1 := {z ∈ C : |z| = 1}, and this
homeomorphism can be chosen such that the image of γ(t) is e2π

√
−1t ∈ S1

for t ∈ [0, 1]. Take a small tubular neighborhood around γ on C, which is
homeomorphic to S1 × [−ε, ε] for some ε > 0. By abuse of notation, we
identify this neighborhood with S1× [−ε, ε]; the outer edge is S1×{ε}, and
the inner edge is S1 × {−ε}. We define the Dehn twist Dγ : C → C to be
the self-homeomorphism of C which acts as the identity on C \ S1 × [−ε, ε],
and which takes (e2π

√
−1t, s) ∈ S1 × [−ε, ε] to (eπ

√
−1(t+1−s/ε), s). We may

visualize Dγ as a self-homeomorphism of C that keeps the outer edge of the
tubular neighborhood fixed while twisting the inner edge one full rotation
counterclockwise. Clearly, Dγ ∈ Yd; we also denote its path component in
π0Yd by Dγ.

We will now derive formulas for braids in Pd that map to Dehn twists
corresponding to certain closed loops on C. For any subset I ⊂ {0, 1, ..., d−
1} ⊂ C, let γI : [0, 1] → C be the loop defined as follows. Let d′ ≤ d be the
cardinality of I, and write the elements of I in order from least to greatest as
n1, n2, ..., nd′ . For 1 ≤ i ≤ d′, choose positive numbers ri ∈ R small enough
that the set of balls of radius ri centered at each ni is pairwise disjoint. For
1 ≤ i ≤ d′, let γI,i : [0, 1] → C given by t 7→ ni + rie

2π
√
−1t; furthermore,

let γ′I,i : [0, 1] → C be the path given by t 7→ −
√
−1(1 − t) + (ni + ri)t;

and let γ′′I,i : [0, 1]→ C be the loop whose basepoint is −
√
−1 ∈ C given by

concatinating γ′I,i, γI,i, and γ′−1
I,i . Then γI is defined to be the concatination
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of the loops γ′′I,i for i decreasing from d′ to 1. It is clear that γI can be
deformed to a simple counterclockwise loop such that I is contained in the
simply connected component of C \ γI and {0, 1, ..., d− 1} \ I is contained in
the other component of C \ γI .

Lemma 2.1.6. We have the following relations in Bd:

Ai,j+1 = βjAi,jβ
−1
j , 1 ≤ i < j ≤ d− 1,

Ai+1,j = βiAi,jβ
−1
i , 1 ≤ i < j − 1 ≤ d− 1. (2.4)

Proof. This can be verified directly using (2.2) and the braid relations (2.1).

Proposition 2.1.7. Let I ⊂ {0, 1, ..., d−1} be a subset of cardinality d′ ≤ d,
and assume all of the above notation. Let

Σ[d′] = (β1β2...βd′−1)d
′
= (A1,2)(A1,3A2,3)...(A1,d′A2,d′ ...Ad′−1,d′).

Then the element BIΣ[d′]B
−1
I ∈ Pd is mapped by ∂ to the Dehn twist DγI ∈

π0Yd, where

BI = (β1...βn1−1)(β2...βn2−1)...(βd′ ...βnd′−1).

Proof. As above, we identify γI with the unit circle S1; furthermore, we
identify the simply connected component of C \ S1 with {z ∈ C | |z| < 1}.
Taking a sufficiently small ε > 0, we may consider the points n1, n2, ... , nd′
to lie inside the inner circle of the annulus S1 × {−ε, ε} at the points 0, 1

d′
,

... , d′−1
d′

respectively. Let γ̃ : [0, 1]→ Y0 be the path defined as follows: for
every t ∈ [0, 1], γ̃(t) acts on S1 × {−ε, ε} by keeping the outer circle fixed
while twisting the inner circle counterclockwise by an angle of 2πt; γ̃(t) acts
on {z ∈ C | |z| < 1 − ε} by rotating counterclockwise by an angle of 2πt;
and γ̃(t) acts as the identity on the rest of the plane. Then γ̃(0) = id and
γ̃(1) = DαI . Let ΣI ∈ Pd be the braid represented by the path that rotates
the points 0, 1

d′
, ... , d′−1

d′
counterclockwise by an angle of 2πt for t ∈ [0, 1].

Then it is clear from the description of ∂ given in §2.1.2 that ∂(ΣI) = DαI ,
so it will suffice to show that ΣI = BIΣ[d′]B

−1
I .

For 2 ≤ i ≤ d′, the full rotation of the ith point ni around the points
n1, n2, ... , ni−1 is given by the braid An1,nd′

An2,nd′
...Anj ,nd′ . Thus, from the

description of ΣI above, we get that

ΣI = (An1,n2)(An1,n3An2,n3)...(An1,nd′
An2,nd′

...And′−1,nd′
). (2.5)
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The fact that ΣI = BIΣ[d′]B
−1
I then follows from repeated applications of

Lemma 2.1.6.

It is also possible to define Dehn twists Dγ for simple loops γ on a compact
Riemann surface C in the same manner; here Dγ lies in the group of path
components of self-homeomorphisms of C. There is an obvious action of Dγ

on the first homology group H1(C,Z). Let ω : H1(C,Z) × H1(C,Z) → Z
be the intersection pairing on the homology of C. Then this action can be
described by the following proposition (which is Proposition 6.3 of [8]).

Proposition 2.1.8. Let γ be a simple oriented loop on C, and let [γ] be its
respective class in H1(C,Z). Then the Dehn twist Dγ acts on H1(C,Z) as
the transvection with respect to [γ], that is, by b 7→ b + ω(b, [γ])[γ] for all
b ∈ H1(C,Z).

2.2 A family of hyperelliptic curves over C
We retain the above notation, and fix d ≥ 3. We will now define several fam-
ilies of one-dimensional varieties over C whose base spaces are Xd and Yd.
Although their definitions will characterize these families as affine schemes
over C, for the entirety of this section, we will consider them as complex
manifolds and be concerned only with their topological properties. Using
results from §2.1, we will show that an induced symplectic representation
factors through a certain mapping class group and prove an important the-
orem about the image of this representation.

2.2.1 Construction of several families

Let α1, α2, ... , αd be transcendental and independent over C. Then the
ordered configuration space Yd is the affine scheme over C given by

Spec(C[α1, α2, ..., αd, {(αi − αj)−1}1≤i<j≤d]).

More explicitly, we identify each C-point T = (α1, α2, ..., αd) of Yd with or-
dered subset (α1, α2, ..., αd) of C.

Let f1 :=
∑d

i=1 αi, ..., fd :=
∏d

i=1 αi be the elementary symmetric func-
tions of the variables αi; and let ∆ be the discriminant function of these
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variables. Then the (unordered) configuration space Xd is the affine scheme
over C given by

Spec(C[f1, f2, ..., fd,∆
−1]).

More explicitly, we identify each C-point T = (f1, f2, ..., fd) of Xd with the
set of roots of the squarefree degree-d polynomial zd−f1z

d−1 + ...+(−1)dfd ∈
C[z], which is a d-element subset of C. Accordingly, in what follows, given a
C-point T of Xd, we will often use T to denote the corresponding subset of
C.

Let OYd (resp. OXd) denote the coordinate ring of Yd (resp. of Xd);
the covering map Yd → Xd induces an injection of rings OXd ↪→ OYd . Let
F (x) ∈ OXd [x] ⊂ OYd [x] be the degree-d polynomial given by

xd +
d∑
i=1

(−1)ifix
d−i =

d∏
i=1

(x− αi).

Now let Ed → Xd be the affine scheme given by Spec(OXd [x, F (x)−1]), and let
Ẽd → Xd be the affine scheme given by Spec(OXd [x, y]/(y2−F (x))[F (x)−1]).
Then, as a complex manifold, Ed → Xd is the family whose fiber over each
C-point T of Xd can be identified with C \ T . Meanwhile, Ẽd is a degree-2
cover of Ed whose fiber over each T is the curve given by y2 =

∏
z∈T (x − z)

minus the branch points {(z, 0)}z∈T .
We now define a scheme Cd → Xd with smooth, projective fibers simi-

larly to how we defined C in §1.1.1. Let C ′d be the affine scheme given by
Spec(OXd [x, y]/(y2−F (x))). Let C ′′d be the affine scheme over Xd defined by
the equation

y′2 = x′(1 +
d∑
i=1

(−1)ifix
′i) = x′

d∏
i=1

(1− αix′) (2.6)

if d is odd, and by the equation

y′2 = (1 +
d∑
i=1

(−1)ifix
′i) =

d∏
i=1

(1− αix′) (2.7)

if d is even. We glue the open subset of C ′d defined by x 6= 0 to the open
subset of C ′′d defined by x′ 6= 0 via the mapping

x′ 7→ 1

x
, y′ 7→ y

xb(d+1)/2c ,
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and denote the resulting scheme by Cd → Xd. The fiber of Cd of each C-point
T of Xd is a smooth, projective model of the hyperelliptic curve defined by
y2 =

∏
z∈T (x− z) of genus g := b(d− 1)/2c. If d is odd, Cd has one “section

at infinity” given by (x′, y′) = (0, 0) ∈ C ′′d ; if d is even, Cd has two “sections
at infinity” given by (x′, y′) = (0,±1) ∈ C ′′d . There is an obvious inclusion
Ẽd ↪→ Cd; if d is odd (resp. if d is even), Ẽd is just Cd with d+ 1 (resp. d+ 2)
sections removed.

By slight abuse of notation, we also denote the pullback of Ed → Xd

induced by Yd → Xd by Ed → Yd, and denote the pullbacks of Ẽd and Cd
similarly. Note that Ed → Yd may be identified with the map Yd+1 → Yd
defined by projecting onto the first d coordinates of each C-point in Yd+1.

2.2.2 The induced monodromy representation

From now on, wherever possible, we will simplify notation by suppressing
the subscript d from Xd, Yd, Ed, Ẽd, and Cd.

Proposition 2.2.1. The families E, Ẽ, and C are fiber bundles over Y , and
hence over X.

Proof. As noted above, we may view the family E → Y as the family Yd+1 →
Yd, which is a fiber bundle according to Theorem 3 of [7]. The fact that Ẽ
and C are also fiber bundles follows from viewing Ẽ as a cover of E and C as
Ẽ with d sections added.

We define a section s of E → X by

s : T 7→ max
z∈T

(|z|) + 1 ∈ C \ T = XT .

This may be lifted to a section of Ẽ → X and hence also of C → X; we fix a
particular choice of lifting s̃ : X → Ẽ ↪→ C. If d is odd, let ∞ : Xd → C be
the section taking each T to the point (x′, y′) = (0, 0) ∈ C ′′T ; then it is clear
that s̃ can be continuously deformed to ∞. If d is even, let ∞ : Xd → C be
the section taking each T to the point (x′, y′) = (0, 1) ∈ C ′′T ; then we assume
without loss of generality that s̃ can be continuously deformed to ∞.

As in §2.1, we fix T0 := (0, 1, ..., d − 1) as a basepoint of Y ; denote its
image in X also by T0. Let P0 = s(T0) = d ∈ ET0 and∞T0 =∞(T0) ∈ C(T0).
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It is shown in [7] that Y (and thus also X) has trivial ith homotopy
groups for i ≥ 2. Therefore, since E → Y is a fibration by Proposition 2.2.1,
the induced long exact sequence of homotopy can be truncated to the short
exact sequence

1→ π1(C \ T0, P0)→ π1(E , P0)→ π1(X,T0)→ 1. (2.8)

The section s : X → E induces a homomorphism s∗ : π1(X,T0) → π1(E , P0)
which splits the above sequence. This splitting induces a monodromy action
of π1(X,T0) on π1(C\T0, P0) given by σ ∈ π1(X,T0) acting as conjugation by
s∗(σ) on π1(C\T0, P0)�π1(E , P0). This lifts to an action of π1(X,T0) = Bd on
π1(CT0 ,∞T0), which is in fact the monodromy action induced by the splitting
of the short exact sequence

1→ π1(CT0 ,∞T0)→ π1(C,∞T0)→ π1(X,T0)→ 1 (2.9)

by ∞∗ : π1(X,T0) → π1(C,∞T0). In turn, this induces an action of Bd on
the abelianization π1(CT0 ,∞T0)ab, which is the homology group H1(CT0 ,Z).
We denote this action by

R : Bd
∼= π1(X,T0)→ Aut(H1(CT0 ,Z)). (2.10)

This action respects the intersection pairing of H1(CT0 ,Z), so the image of R
is actually contained in the corresponding subgroup of symplectic automor-
phisms Sp(H1(CT0 ,Z)). This is the monodromy representation that we will
be investigating for the rest of §2.2.

2.2.3 Relationship to the mapping class group

For this subsection, we will only be considering the representation R re-
stricted to Pd�Bd; we denote this restriction also byR : Pd → Sp(H1(CT0 ,Z)).
We now want to show that the representation R always factors through a
particular mapping class group (Proposition 2.2.3). To this end, we first give
a useful fact regarding hyperelliptic curves of genus g as 2-sheeted covers of
the projective line, and then define some auxiliary representations which we
will need to state Proposition 2.2.3.

Proposition 2.2.2. Let C and C ′ be hyperelliptic curves of genus g; let
x : C → P1

C, x′ : C ′ → P1
C be degree-2 ramified covering maps to the projective

line; and let B,B′ ⊂ C be the respective sets of 2g+ 2 branch points of these
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coverings. Then every self-homeomorphism f : P1
C → P1

C which sends B to
B′ lifts to a homeomorphism f̃ : C → C ′. In particular, if f fixes the subset
B, then f lifts to a self-homeomorphism f̃ : C → C which is unique up to
deck transformation of C → P1

C.

Proof. Choose a basepoint P0 ∈ P1
C \ B, and choose Q0 ∈ C and Q′0 ∈ C ′

such that x(Q0) = P0 and x′(Q′0) = f(P0). It follows from the lifting theorem

(Theorem 4.1 of [5]) that the composition of maps C \ x−1(B)
x→ P1

C \ B
f→

P1
C \ B′ lifts uniquely to a map C \ x−1(B) → C ′ \ x′−1(B′) which sends Q0

to Q′0. Clearly this can be extended to a map f̃ : C → C ′. By applying the
same argument to f−1, we see that f̃ is a homeomorphism. In the case that
C = C ′, note that there are two choices of basepoint Q′0 of C\B such that the
unique liftings obtained by choosing each one differ by a deck transformation.

We define an action of the mapping class group π0Yd on H1(CT0 ,Z), which
we will denote by ϕ : π0Yd → Aut(H1(CT0 ,Z)), as follows. Choose an element
of π0Yd and let f be a self-homeomorphism of C which represents it; we can
extend f to a self-homeomorphism of the Riemann sphere P1

C which fixes∞.
Then by Proposition 2.2.2, f : P1

C → P1
C lifts to a unique self-homeomorphism

f̃ : CT0 → CT0 which fixes each of the 2 points of CT0 which map to the
basepoint P0 = d ∈ C \ T0 ⊂ S under the ramified covering map CT0 → P1

C.
Define ϕ([f ]) to be the automorphism f̃∗ ∈ Aut(H1(CT0 ,Z)) induced by f̃ .

If d = 2g+1, fix a self-homeomorphism of P1
C that fixes 0, 1, ..., d−1 ∈ P1

C
and sends ∞ to d. By Proposition 2.2.2, this lifts to a homeomorphism
mapping CT0 onto a hyperelliptic curve C ′ ramified over the points (0, 1, ..., d),
which is the fiber of Cd+1 over the basepoint T0 = (0, 1, ..., d) ∈ Yd+1. This
homeomorphism yeilds an isomorphism H1(CT0 ,Z)

∼→ H1(C ′,Z). Via this
isomorphism, the action of Pd+1 on H1(C ′,Z) defined in §2.2.2 yeilds an
action of Pd+1 on H1(CT0 ,Z) which we denote by R′ : Pd+1 → Sp(H1(CT0 ,Z)).

Proposition 2.2.3. Assume all of the above notation.
a) If d = 2g+ 2, then the representation R : Pd → Sp(H1(CT0 ,Z)) factors

through π0Yd as the composition ϕ ◦ ∂.
b) If d = 2g+ 1, then the representation R : Pd → Sp(H1(CT0 ,Z)) factors

through R′ : Pd+1 → Sp(H1(CT0 ,Z)) via the obvious inclusion Pd ↪→ Pd+1;
thus, by the statement of (a), R factors through ∂ : Pd+1 → π0Yd+1.

Proof. The main statement of part (b) is obvious from the construction of
R′ above, and so it will suffice to prove part (a).
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Assume that d = 2g+2. Define E ′ → X to be the quasiprojective scheme
containing E → X such that the fiber over each C-point of X is P1

C \ T ;
again, we also denote its pullback via Y → X by E ′ → Y . Let ∞ denote
the section of E ′ → Y which takes each point in Y to ∞ in the fiber. Note
that there is an obvious inclusion E ↪→ E ′ and a continuous deformation of
s : Y → E to ∞ : Y → E ′. In fact, R : Pd → Sp(H1(CT0 ,Z)) is induced
by the monodromy representation arising from the splitting of the analogous
short exact sequence associated to E ′ → Y via the section ∞.

Note that the action of C × C× on C by (a, b) · z = a + bz induces an
action of C × C× on Y (i.e. action by translation and homothety). Let
Ȳ be the quotient of Y by this action, and denote the quotient map by
ψ : Y → Ȳ . Then each element of Ȳ can be uniquely represented by an
ordered d-element subset of C whose first element is 0 and whose second
element is 1, so we consider each element of Ȳ to be an ordered subset of the
form (0, 1, z3, ..., zd). We also define the family Ē ′ → Ȳ to be the quotient of
E ′ by this action. The section ∞ of E ′ → Y modulo this action is clearly a
section of the family Ē ′ → Ȳ which we also denote by∞. In fact,∞ : Ȳ → Ē ′
similarly sends each point in Ȳ to ∞ in the fiber. It is clear that E ′ → Y
is the pullback of Ē ′ → Ȳ via the quotient map ψ : Y → Ȳ . It then follows
from the functoriality of the fundamental group that the induced monodromy
action of Pd on π1(P1

C \ T0,∞) factors through the induced homomorphism
of fundamental groups ψ∗ : Pd → P̄d := π1(Ȳ , T0).

We observe that each element of P̄d is the image of a braid in Pd which
fixes the points 0 and 1; thus, the homomorphism ψ∗ is surjective. We now
furnish an isomorphism ∂̄ : P̄d

∼→ π0Y such that ∂ = ∂̄◦ψ∗. Let Ȳ0 denote the
group of self-homeomorphisms of C which fix 0 and 1, and let ψ̃ : Y0 → Ȳ0

be the homomorphism which sends an element f ∈ Y0 to the composition of
f with the unique element in C × C× which sends f(0) to 0 and f(1) to 1.
We have an evaluation map ε̄ : Ȳ0 → Ȳ defined analogously to ε : Y0 → Y in
§2.1.2. Since Ȳ0 → Ȳ is actually a subfamily of Y0 → Y , it is also a fibration.
It is easy to check that the diagram below commutes.

Y0

ψ̃
��

ε
// Y

ψ
��

Ȳ0 ε̄
// Ȳ

(2.11)

Now we define a map ∂̄ : P̄d → π0Y by a construction analogous to that of
∂ : Pd → π0Y in §2.1.2, as follows. Let γ be a loop in Ȳ representing an
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element of P̄d. Then we may lift it to a loop γ̃ : [0, 1]→ Ȳ0 with γ̃(0) = id and
γ̃(1) ∈ Y . Let ∂̄([γ]) be the element of π0Y represented by γ̃(1). It follows
from the commutativity of the diagram in (2.11) that ∂ = ∂̄ ◦ ψ∗. Thus,
the kernel of ψ∗ is contained in the kernel of ∂, which by Proposition 2.1.5 is
generated by the element (β1β2...βd−1)d ∈ Pd. This braid may be represented
by the loop γ : [0, 1]→ Y defined by γ(t) = (0, e2π

√
−1t, ..., (d−1)e2π

√
−1t) ∈ Y

for t ∈ [0, 1], which can be lifted to γ̃ : [0, 1] → Y0 defined by γ̃(t) : z 7→
e2π
√
−1tz for t ∈ [0, 1]. But clearly ψ̃ ◦ γ̃ is the trivial loop taking all t ∈ [0, 1]

to the identity map id ∈ Ȳ0, so ε̄ ◦ ψ̃ ◦ γ̃ is the trivial loop on Ȳ . Therefore,
(β1β2...βd−1)d ∈ Pd is also in the kernel of ψ∗. Thus, ∂̄ is an isomorphism,
and R factors through ∂ : Pd → π0Yd.

Next one can check by direct observation that the generators Ai,j ∈ Pd
each act on any loop on C \ T0 in the same way that the Dehn twist DγI

acts on it, letting I = {i − 1, j − 1} and using the notation of §2.1.3. By
Proposition 2.1.7, ∂(Ai,j) = DγI . It then follows from the construction of
ϕ : π0Y → Sp(H1(CT0 ,Z)) above that R = ϕ ◦ ∂, and part (a) is proved.

2.2.4 Image of the monodromy representation

We now state and prove a key result which gives the image of Pd under R.
This has been proved by A’Campo in [1] using root spaces and by J.-K. Yu in
[33] by an elementary calculation. A similar statement was proved by Mum-
ford in [18] for a representation whose image lies in Sp(H1(CT0 ,Z))/{±1}; we
give a variant of this proof for our representation R, since the main set-up
for it has already been developed.

Theorem 2.2.4. The image of R : Pd → Sp(H1(CT0 ,Z)) coincides with the
level-2 principal congruence subgroup Γ(2) � Sp(H1(CT0 ,Z)).

Proof. For any element a ∈ H1(CT0 ,Z), let Ta ∈ Sp(H1(CT0 ,Z)) denote the
transvection defined by b 7→ b + ω(b, a)a for all b ∈ H1(CT0 ,Z), where ω is
the intersection pairing.

First observe that if I ⊆ {0, 1, ..., d − 1} has even cardinality, then the
loop γI on C\T0 lifts to two disjoint loops γ1 and γ2 on ẼT0 and hence on CT0 ,
and that [γ1] = −[γ2] in H1(CT0 ,Z). Moreover, the Dehn twist DγI on C \ T0

lifts to the composition of Dehn twists D[γ1] ◦D[γ2] = D[γ2] ◦D[γ1] = D2
[γ1] on

CT0 , which fixes the points in the inverse image of the basepoint of C \ T0.
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To show that R(Pd) ⊆ Γ(2), note that it then follows from Propositions
2.1.7 and 2.1.8 and from the constrution of ϕ that for 1 ≤ i < j ≤ d, ϕ(Ai,j)
is the square of a transvection on H1(CT0 ,Z) and therefore lies in Γ(2). Since
{Ai,j}1≤i<j≤d generates Pd, we obtain the desired inclusion.

To show the reverse inclusion, we make the following observations. For
1 ≤ i ≤ g := b(d − 1)/2c, let ai ∈ H1(CT0 ,Z) (resp. bi ∈ H1(CT0 ,Z))
be the class of oriented loops which map to the counterclockwise-oriented
loop γI for I = {2i − 1, 2i} (resp. I = {2i, ..., 2g + 1}). Then {ai, bi}gi=1

is a symplectic basis for H1(CT0 ,Z). Moreover, γI for I = {2i − 1, ..., 2j}
(resp. I = {2i, ..., 2j − 1}, resp. I = {2i − 1, 2i, 2j, ..., 2g + 1}, resp. I =
{2i, ..., 2j − 2, 2j + 1, ..., 2g + 1}, resp. I = {2i − 1, 2i + 1, ..., 2g + 1}) lifts
to two disjoint loops on CT0 , one of whose classes in H1(CT0 ,Z) is ai + aj
(resp. bi − bj, resp. ai + bj, resp. bi − aj, resp. bi − ai) for 1 ≤ i <
j ≤ g. So by applying Proposition 2.1.7 and 2.1.8, it follows that there are
elements in P2g+1 ⊂ P2g+2 which are mapped by ∂ : P2g+2 → π0Y2g+2 to
Dehn twists, which in turn are mapped by ϕ to the squares of transvections
T 2
ai
, T 2

bi
, T 2

ai+aj
, T 2

bi−bj , T
2
ai+bj

, T 2
bi−aj , T

2
bi−ai ∈ Γ(2) for 1 ≤ i < j ≤ g. But it is

a consequence of Propositions A.1 and A.3(b) of [17] that these squares of
transvections generate all of Γ(2). Therefore, for d = 2g + 2, the inclusion
Γ(2) ⊆ R(Pd) follows from part (a) of Proposition 2.2.3; then for d = 2g+ 1,
Γ(2) ⊆ R(Pd) follows from part (b) of Proposition 2.2.3. Thus, R(Pd) = Γ(2).

2.3 Generic image of Galois

Let α1, α2, ..., αd be transcendental and independent over C, and let L be the
subfield of C({αi}1≤i≤d) generated over C by the symmetric functions of the
αi’s. Let C be a smooth projective model of the hyperelliptic curve over L
given by

y2 =
d∏
i=1

(x− αi), (2.12)

and let J be its Jacobian. Note that C is defined over L and has genus
g := b(d − 1)/2c, while J is an abelian variety over L of dimension g. For
each n ≥ 0, let Ln = L(J [2n]) denote the extension of L over which the
2n-torsion of J is defined; note that L1 = C({αi}1≤i≤d) for all d 6= 4.

Fix an algebraic closure L̄ of L, and writeGL for the absolute Galois group
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Gal(L̄/L). As in Chapter 1, we denote the `-adic Tate module of J by T`(J),
and denote the natural Galois action on T`(J) by ρ` : GL → AutZ`(T`(J)).
Since L contains all 2-power roots of unity, the Weil pairing on T`(J) is
Galois invariant, and so the image of GL under ρ` is contained in Sp(T`(J)),
the group of symplectic automorphisms with respect to the Weil pairing.
For each prime ` and integer n ≥ 0, write Γ(`n) for the principal level-`n

congruence subgroup of Sp(T`(J)).
The main theorem is the following.

Theorem 2.3.1. With the above notation, the image under ρ2 of the Galois
subgroup fixing L1 coincides with Γ(2) � Sp(T2(J)). For ` 6= 2, the image
under ρ` of the Galois subgroup fixing L1 coincides with Sp(T`(J)).

2.3.1 Proof of the main theorem

This subsection is devoted to proving Theorem 2.3.1 by converting the topo-
logical result in Theorem 2.2.4 into an arithmetic statement. Lemma 2.3.2
below is the key result that allows us to do this.

Let B̂d denote the profinite completion of Bd
∼= π1(X,T0). Since X may

be viewed as a scheme over the complex numbers, Riemann’s Existence The-
orem yields an isomorphism between its étale fundamental group πét1 (X,T0)

and B̂d ([10], Exposé XII, Corollaire 5.2). Meanwhile, the function field of
X is L, so πét1 (X,T0) is isomorphic to the Galois group Gal(Lunr/L), where
Lunr is the maximal extension of L unramified at all points of X. The rep-
resentation R : Bd → Sp(H1(CT0 ,Z)) induces a homomorphism of profinite
groups

R : Gal(Lunr/L) = B̂d → Sp(H1(CT0 ,Z)⊗ Z`) (2.13)

for any prime `. Composing this map with the restriction homomorphism
GL := Gal(L̄/L) � Gal(Lunr/L) yields a map which we denote R` : GL →
Sp(H1(CT0 ,Z)⊗ Z`).

Lemma 2.3.2. Assume the above notation, and let ` be any prime. Then
there is an isomorphism of Z`-modules T`(J)

∼→ H1(CT0 ,Z)⊗ Z` making the
representations ρ` and R` isomorphic.

Proof. We proceed in four steps.
Step 1: We switch from (topological) fundamental groups to étale funda-

mental groups. Since X and C, as well as CT for each fiber T of X, can be
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viewed as a scheme over the complex numbers, Riemann’s Existence Theo-
rem implies that the étale fundamental groups of X, C, and each CT (defined
using a choice of geometric base point T̄0 over T0) are isomorphic to the profi-
nite completions of their respective topological fundamental groups. Taking
profinite completions induces a sequence of étale fundamental groups

1→ πét1 (CT̄0
,∞T̄0

)→ πét1 (C,∞T̄0
)→ πét1 (X, T̄0)→ 1, (2.14)

which is a short exact sequence by [10], Corollaire X.2.2. Moreover, the sec-
tion∞ : X → C similarly gives rise to an action of πét1 (X, T̄0) on πét1 (CT0 ,∞T̄0

)ab.
Step 2: We switch from C to its Jacobian. Define J → X to be the

abelian scheme representing the Picard functor of the scheme C → X (see
[14], Theorem 8.1). Note that JT is the Jacobian of CT for each C-point T of
X, and the generic fiber of J is J/L, the Jacobian of C/L. Let ∞ ∈ C(L)
be the image of the generic point of X under the map ∞∗ : πét1 (X, T̄0) →
πét1 (C,∞T̄0

). Let f∞ : C → J be the morphism (defined over L) given by
sending each point P ∈ C(L) to the divisor class [(P ) − (∞)] in Pic0

L(C),
which is identified with J(L). By [14], Proposition 9.1, the induced homo-
morphism of étale fundamental groups (f∞)∗ : πét1 (C,∞)→ πét1 (J, 0) factors
through an isomorphism πét1 (C,∞)ab ∼→ πét1 (J, 0). This induces an isomor-
phism πét

1 (C̄T ,∞T )ab ∼→ πét
1 (JT , 0T ) for each T ∈ X. Note that the composi-

tion of the section s̄ : X → C̄ with f∞ is the “zero section” 0 : X → J map-
ping each T to the identity element 0T ∈ JT . Thus, the action of πét1 (X, T̄0)
on πét1 (CT0 ,∞T̄0

)ab coming from the splitting of (2.14) is the same as the
action of πét1 (X, T̄0) on πét1 (JT̄0

, 0T̄0
) coming from the splitting of

1→ πét1 (JT̄0
, 0T̄0

)→ πét1 (J , 0T̄0
)→ πét1 (X, T̄0)→ 1 (2.15)

induced by the section 0∗ : πét1 (X, T̄0)→ πét1 (J , 0T̄0
).

Step 3: We now show that this action on πét1 (JT̄0
, 0T̄0

) is isomorphic to
a particular Galois action on πét1 (JL̄, 0) (and therefore on its `-adic quotient
T`(J)). Let η : Spec(L) → X denote the generic point of X. Note that we

may identify πét1 (L, L̄) with GL, and that η∗ : GL � πét1 (X, η̄) is a surjection
(in fact, it is the restriction homomorphism of Galois groups corresponding
to the maximal algebraic extension of L unramified at all points of X). Also,
the point 0 ∈ JL may be viewed as a morphism 0 : Spec(L) → JL which
induces 0∗ : GL = πét1 (L, L̄) → πét1 (JL, 0). Let T̄0 and η̄ be geometric points
over T0 and η respectively. Then we have ([10], Corollaire X.1.4) an exact
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sequence of étale fundamental groups

πét1 (Jη̄, 0η̄)→ πét1 (J , 0η̄)→ πét1 (X, η̄)→ 1. (2.16)

Changing the geometric basepoint of X from η̄ to T̄0 (resp. changing the
geometric basepoint of J from 0η̄ to 0T̄0

) non-canonically induces an isomor-

phism πét1 (X, η̄)
∼→ πét1 (X, T̄0) (resp. an isomorphism πét1 (J , 0η̄)

∼→ πét1 (J , 0T̄0
)).

Fix such an isomorphism ϕ : πét1 (X, η̄)
∼→ πét1 (X, T̄0). Now we have the fol-

lowing commutative diagram, where all horizontal rows are exact:

1 // πét1 (JL̄, 0) // πét1 (JL, 0) //

����

πét1 (L, L̄)

0∗ss
//

η∗����

1

πét1 (Jη̄, 0η̄) //

sp

��

πét1 (J , 0η̄) //

o
��

πét1 (X, η̄)

0∗ss
//

o ϕ
��

1

1 // πét1 (JT̄0
, 0T̄0

) // πét1 (J , 0T̄0
) // πét1 (X, T̄0)

0∗ss
// 1

Here the vertical arrow from πét1 (J , 0η̄) to πét1 (J , 0T̄0
) is a change-of-basepoint

isomorphism chosen to make the lower right square commute, and sp :
πét1 (Jη̄, 0η̄)→ πét1 (JT̄0

, 0T̄0
) is the surjective homomorphism induced by a dia-

gram chase on the bottom two horizontal rows. Grothendieck’s Specialization
Theorem ([10], Corollaire X.3.9) states that sp is an isomorphism, which im-
plies that the second row is also a short exact sequence. Thus, the action of
πét1 (X, T̄0) on πét1 (JT̄0

, 0T̄0
) arising from the splitting of the lower row by 0∗ is

isomorphic to the action of πét1 (X, η̄) on πét1 (Jη̄, 0η̄) arising from the splitting
of the middle row by 0∗, via the isomorphism sp : πét1 (Jη̄, 0η̄)→ πét1 (JT̄0

, 0T̄0
).

In turn, a simple diagram chase confirms that this action, after pre-composing
with η∗ : πét1 (L, L̄) � πét1 (X, η̄), can be identified with the action of πét1 (L, L̄)

on πét1 (JL̄, 0) arising from the splitting of the top row by 0∗. We denote this
action by R̃ : GL = πét1 (L, L̄) → Aut(πét1 (JL̄, 0)). Since the Tate module
T`(J) may be identified with the maximal pro-` quotient of πét1 (JL̄, 0), R̃ in-
duces an action of GL on T`(J), which we denote by R̃` : GL → Aut(T`(J)).
One can identify the symplectic pairing on π1(JT0 , 0T0) with the Weil pairing
on T`(J) via the results in [16], Chapter IV, §24. Therefore, the image of R̃`

is a subgroup of Sp(T`(J)).
By the above construction, we may identify the maximal pro-` quo-

tient of πét1 (JT̄0
, 0T̄0

) with H1(CT0 ,Z) ⊗ Z`. Note that the isomorphism sp :
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πét1 (Jη̄, 0η̄)
∼→ πét1 (JT̄0

, 0T̄0
) induces an isomorphism of their maximal pro-`

quotients sp` : T`(J)
∼→ H1(CT0 ,Z)⊗Z`. By construction, the representation

R̃` is isomorphic to the representation R` via sp`.
Step 4: It now suffices to show that R̃` = ρ`. To determine R̃`, we are

interested in the action of GL on the group AutJL̄(Z) for each `-power-degree
covering Z → JL̄. But each such covering is a subcovering of [`n] : JL̄ → JL̄,
so it suffices to determine the action of GL on the group of translations
{tP |P ∈ J [`n]} for each n. Recall that 0∗ : GL → πét1 (JL, 0) is induced by
the inclusion of the L-point 0 ∈ JL. Thus, for any σ ∈ GL, 0∗(σ) acts on
any connected étale cover of JL via σ acting on the coordinates of the points.
Since R̃(σ) is conjugation by 0∗(σ) on πét1 (JL̄, 0) � πét1 (JL, 0), one sees that
for each n, 0∗(σ) acts on {tP |P ∈ J [`n]} by sending each tP to σ−1tPσ = tPσ .
Thus, GL acts on the Galois group of the covering [`n] : JL̄ → JL̄ via the
usual Galois action on J [`n]. This lifts to the usual action of GL on T`(J),
and we are done.

It is now easy to prove Theorem 2.3.1.

Proof (of Theorem 2.3.1) . Recall that Pd is the normal subgroup of Bd
∼=

π1(X,T0) corresponding to the cover Y → X, and that if d 6= 4, the function
field of Y is L1. It follows that if d 6= 4, the image of Gal(L̄/L1) under η∗ is

P̂d � B̂d
∼= πét1 (X, T̄0) (where P̂d denotes the profinite completion of Pd).

Suppose that ` = 2. Then the statement of Theorem 2.2.4 implies that if
d 6= 4 (resp. if d = 4), the image of Gal(L̄/L1) under R2 coincides with (resp.
contains) Γ(2)�Sp(H1(CT0 ,Z)⊗Z2). It then follows from Lemma 2.3.2 that
if d 6= 4 (resp. if d = 4), the image of Gal(L̄/L1) under ρ2 coincides with
(resp. contains) Γ(2) � Sp(T2(J)). The containment is an equality in the
d = 4 case as well since clearly ρ2(Gal(L̄/L1)) ⊆ Γ(2) � Sp(T2(J)).

Now suppose that ` 6= 2. By a suitable form of the strong approxi-
mation theorem applied to the algebraic group Sp2g(Q) (see Theorem 7.12
of [21]), given any element α` ∈ Sp2g(Z`) and any integer n ≥ 1, there
is an element α ∈ Sp2g(Z) which is congruent to 1 modulo 2 and is also
congruent to α` modulo `n. It follows that Γ(2) � Sp2g(Z) ⊂ Sp2g(Z`) is
dense. Choosing a symplectic basis of the rank-2g Z-module H1(CT0 ,Z) de-
termines an isomorphism Sp(H1(CT0 ,Z) ⊗ Z`)

∼→ Sp2g(Z`), and we get that
Γ(2)� Sp(H1(CT0 ,Z)) ⊂ Sp(H1(CT0 ,Z)⊗Z`) is dense. Thus, since the image
of R` similarly must contain Γ(2)�Sp(H1(CT0 ,Z)) and also must be closed in
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the `-adic topology by the construction of R` from R, the restriction of R` to
Gal(L̄/L1) is surjective. Then by Lemma 2.3.2, ρ2 : Gal(L̄/L1)→ Sp(T`(J))
is surjective as well.

2.3.2 Corollaries and applications

We first give some easy immediate corollaries to Theorem 2.3.1.

Corollary 2.3.3. Let G` denote the image under ρ` of all of GL. Then we
have the following:

a) We have G2 ⊃ Γ(2) � Sp(T2(J)). Moreover, if d 6= 4, G2/Γ(2) ∼= Sd,
and if d = 4, G2/Γ(2) ∼= S3.

b) For each n ≥ 1, the homomorphism ρ2 induces an isomorphism

ρ̄
(n)
2 : Gal(Ln/L1)

∼→ Γ(2)/Γ(2n)

via the restriction map Gal(L̄/L1) � Gal(Ln/L1).

Proof. If d 6= 4 (resp. if d = 4), then Gal(L1/L) ∼= Sd (resp. Gal(L1/L) ∼=
S3), and so part (a) immediately follows from the theorem.

To prove part (b), note that for any n ≥ 0, the image under ρ2 of the
Galois subgroup fixing the 2n-torsion points is clearly G2 ∩ Γ(2n). But G2 ⊇
Γ(2), so for any n ≥ 1, the image under ρ2 of Gal(L̄/Ln) is Γ(2n). Then part

(b) immediately follows by the definition of ρ̄
(n)
2 .

We also present a proposition which results from constructions used to
prove Theorem 2.3.1, and which will be the main tool we use in §2.4 and
§2.5 to derive generators for the fields of definition of 4-torsion and 8-torsion
respectively.

Proposition 2.3.4. For n ≥ 1, the extension Ln/L is the Galois subexten-

sion of Lunr/L corresponding to the quotient of B̂d
∼= Gal(Lunr/L) induced by

the subgroup R−1(Γ(2n)) �Bd.

Proof. For n ≥ 1, let Bn denote the set of bases of the free Z/2nZ-module
J [2n]. Then it was shown in the proof of Theorem 2.3.1 that GL acts on Bn
through a representation isomorphic to R2 : πét

1 (X, T̄0)→ Sp(H1(CT0 ,Z)⊗Z2)
via an isomorphism Sp(T2(J)) ∼= Sp(H1(CT0 ,Z) ⊗ Z2), and the subgroup
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fixing all elements of Bn corresponds to R−1
2 (Γ(2n)) � πét

1 (X, T̄0). Hence, by
covering space theory, there is a connected cover X(n) → X corresponding to
an orbit of Bn under the action of π1(X,T0), and the function field of X(n)

is the extension of L fixed by the subgroup of GL which fixes all bases of
J [2n]. Clearly, this extension is Ln. Thus, the Galois cover X(n) → X is
an unramified morphism of connected affine schemes corresponding to the
inclusion L ↪→ Ln of function fields, and the statement follows.

Remark 2.3.5. a) The fact that ρ` : GL → Sp(T`(J)) must factor through
Gal(Lunr/L) can also be shown using the criterion of Néron-Ogg-Shafarevich
([26], Theorem 1).

b) It follows directly from Proposition 2.3.4 that for each n ≥ 1, Ln/L1

is the subextension of Lunr/L1 corresponding to the quotient induced by
R−1(Γ(2n))�R−1(Γ(2)). Note that if d 6= 4, L1 = C({αi}di=1), andR−1(Γ(2)) =
Pd � Bd. In the case that d = 4, L1 is the subfield of L({αi}4

i=1) given in
Proposition 1.2.1(c), which in fact is generated over C by 3 independent
transcendental elements. Therefore, if d = 4, R−1(Γ(2)) is a subgroup of B4

which is isomorphic to P3 and which contains P4 �B4.

2.4 Fields of 4-torsion of hyperelliptic Jaco-

bians

We retain all notation used in §2.3. In addition, for this section, we denote
by −1 ∈ Gal(L2/L1) the Galois automorphism mapping to the scalar matrix

−1 ∈ Γ(2)/Γ(4) via the isomorphism ρ̄
(2)
2 given by Corollary 2.3.3(b).

In this section, we apply the construction which we developed in §2.3 to
give generators of the extension L2/L obtained by adjoining the 4-torsion
points of J/L.

Theorem 2.4.1. (a) If d = 2g + 1, then

L2 = L1({
√
αi − αj}1≤i<j≤d), (2.17)

and the Galois element −1 ∈ Gal(L2/L1) acts by changing the sign of each
of the generators given above.
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(b) If d = 2g + 2, then

L2 = L1({
√
αi − αj

∏
1≤l≤d−1
l 6=i,j

√
αl − αd}1≤i<j≤d), (2.18)

and the Galois element −1 ∈ Gal(L2/L1) acts by changing the sign of each
of the generators given above.

We prove the statement for odd d first, in §2.4.1, and then prove the
statement for even d in §2.4.2, using some of the lemmas in §2.4.1.

2.4.1 The case of odd degree

We first need some results concerning the structures of the pure braid group
Pd and quotients of congruence subgroups of Sp(T2(J)).

Lemma 2.4.2. For all integers d ≥ 2, the abelianization of Pd is isomor-
phic to Zd(d−1)/2. More explicitly, it is freely generated by the images of the
generators Ai,j of Pd.

Proof. This follows by checking that the relations between the Ai,j’s given in
Lemma 1.8.2 of [4] lie in the kernel of the abelianization map.

Lemma 2.4.3. The quotient Γ(2)/Γ(4) is isomorphic to (Z/2Z)2g2+g.

Proof. For Γ(2),Γ(4) � Sp2g(Z), this is shown in the proof of Corollary 2.2
of [22]. The statement for Γ(2),Γ(4) � Sp(T2(J)) ∼= Sp2g(Z2) follows imme-
diately from this.

To simplify notation, we let L̃ = L1({√αi − αj}1≤i<j≤d). The proof of
the following lemma is a variation on J.-K. Yu’s argument in the proof of
Corollary 7.4 in [33].

Lemma 2.4.4. For d = 3 and all d ≥ 5, L2 ⊆ L̃. This inclusion is an
equality if and only if d = 2g + 1.

33



Proof. It follows from Lemma 2.4.2 that the maximal abelian quotient of ex-
ponent 2 of P̂d is isomorphic to (Z/2Z)d(d−1)/2. Thus, P̂d has a unique normal
subgroup inducing a quotient isomorphic to (Z/2Z)d(d−1)/2, and so there is a
unique Galois cover of X(1) corresponding to this quotient. The field exten-

sion L̃ ⊃ L({αi}1≤i≤d) is unramified away from the hyperplanes defined by
(αi−αj) with i 6= j and is obtained from L1 by adjoining 2g2 +g independent
square roots of elements in L×1 \(L×1 )2. Furthermore, note that since d 6= 4,
L1 = L({αi}1≤i≤d). Therefore, L̃ is the function field of the unique maximal
Galois cover of X(1) with an abelian Galois group of exponent 2. Now by
Proposition 2.3.4, since d 6= 4, L2/L1 is the subextension of Lunr/L1 corre-
sponding to the quotient induced by R−1(Γ(4)) � R−1(Γ(2)) ∼= Pd. Lemma
2.4.3 shows that Γ(2)/Γ(4) ∼= R−1(Γ(2))/R−1(Γ(4)) ∼= Gal(L2/L1) is iso-
morphic to (Z/2Z)2g2+g, which is abelian of exponent 2; therefore, L2 ⊆ L̃.
Moreover, d(d − 1)/2 = 2g2 + g if and only if d = 2g + 1, in which case
L2 itself is the unique maximal Galois extension of L of exponent 2 and so
L2 = L̃.

We assume the following notation for the rest of this section. Let r :
P̂d → Γ(2) � Sp(T2(J)) be the homomorphism induced from the restriction
of the natural Galois representation ρ2 on Gal(L̄/L1), by factoring through

Gal(Lunr/L({αi}1≤i≤d)) ∼= P̂d. Let

Σ = (A1,2)(A1,3A2,3)...(A1,dA2,d...Ad−1,d) ∈ P̂d.

Lemma 2.4.5. With the above notation, if d = 2g + 1, then r(Σ) = −1 ∈
Γ(2).

Proof. Let r̄(2) : P̂d → Γ(2)/Γ(4) denote the composition of r with reduction
modulo 4. Then since Γ(2)/Γ(4) ∼= (Z/2Z)2g2+g by Lemma 2.4.3, r̄(2) factors

through the maximal abelian quotient of P̂d of exponent 2. As noted above
in the proof of Lemma 2.4.4, since d = 2g+ 1, the maximal abelian quotient
of P̂d of exponent 2 is isomorphic to Γ(2)/Γ(4), so r̄(2) factors through this
isomorphism. It then follows from Lemma 2.4.2 that the element Σ is mapped
by r̄(2) to a nontrivial element of Γ(2)/Γ(4). Thus, r(Σ) is a nontrivial element

of Γ(2). Proposition 2.1.1 says that Σ is in the center of P̂d, and since r is
surjective by Theorem 2.3.1, r(Σ) must lie in the center of Γ(2). Since the
center of any symplectic group consists of scalar matrices and Γ(2) is an open
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subgroup of a symplectic group, the only nontrivial element in the center of
Γ(2) is the scalar matrix −1. Thus, r(Σ) = −1.

Lemma 2.4.6. Assume d 6= 4. For 1 ≤ i < j ≤ d, the restriction of the
Galois element Ai,j ∈ P̂d ∼= Gal(Lunr/L1) to L̃ acts by sending

√
αi − αj to

−√αi − αj and fixing all other generators.

Proof. Fix (i, j) such that 1 ≤ i < j ≤ d, and let L̃i,j be the subfield of
L̃ fixed by the subgroup of Gal(L̃/L1) generated by the images of all Ai′,j′
for (i′, j′) 6= (i, j). Clearly L̃i,j is a quadratic extension of L1 = L({αi}di=1).
By considering the action of Ai,j on Yd locally around the hyperplane given
by αi = αj and localizing L1 at the prime (αi − αj), it is clear that L̃i,j/L1

is ramified at the prime (αi − αj). Therefore L̃i,j = L({αi}di=1,
√
αi − αj),

and the restriction of Ai,j to L̃i,j acts by
√
αi − αj 7→ −

√
αi − αj. The claim

easily follows by considering L̃ as the compositum of all L̃i,j for 1 ≤ i < j ≤ d.

The following proposition, along with the second statement in Lemma
2.4.4, gives the statement of Theorem 2.4.1(a).

Proposition 2.4.7. If d = 2g+1, the Galois element −1 ∈ Gal(L2/L1) acts
by sending

√
αi − αj to −√αi − αj for 1 ≤ i < j ≤ d.

Proof. Since Σ is a product of the all of the generators Ai,j, the claim follows
from Lemmas 2.4.5 and 2.4.6.

2.4.2 The case of even degree

We retain the notation of §2.4.1, including our definition of r : P̂d → Γ(2) �
Sp(T2(J)). We first need the following key lemma, which is analogous to
Lemma 2.4.5.

Lemma 2.4.8. As above, let

Σ = (A1,2)(A1,3A2,3)...(A1,dA2,d...Ad−1,d) ∈ P̂d.

For 1 ≤ k ≤ 2g + 2, let Σk be defined as the same product as above, except
that all Ai,j with k ∈ {i, j} are omitted. Then if d = 2g + 2, we have

a) r(Σ) = 1, and
b) r(Σk) = −1 for 1 ≤ k ≤ d.
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Proof. It follows from Lemma 2.3.2 that r : P̂d → Γ(2) � Sp(T2(J)) is
isomorphic to the 2-adic representation induced from R : Pd → Γ(2) �

Sp(H1(CT0 ,Z)). Therefore, it will suffice to show that (a) R(Σ) = 1, and
(b) R(Σk) = −1 for 1 ≤ k ≤ d. By Proposition 2.2.3(a), R factors through
the map ∂ : Pd → π0Yd. By Corollary 2.1.5, Σ lies in the kernel of ∂ and
thus also lies in the kernel of R. This implies part (a).

Proposition 2.2.3(b) and Proposition 2.4.5 show that R maps

Σd = (A1,2)(A1,3A2,3)...(A1,d−1A2,d−1...Ad−2,d−1)

to −1 ∈ Γ(2) � H1(CT0 ,Z). Now repeated applications of Proposition 2.1.6
show that Σk = (βd−1βd−2...βk+1)Σd(βd−1βd−2...βk+1)−1 for each k. Thus, the
Σk’s all lie in the same conjugacy class of Bd, so their images all lie in the
same conjugacy class of R(Σd) = −1 ∈ Sp(H1(CT0 ,Z)). But −1 lies in the
center of Sp(H1(CT0 ,Z)), so R(Σk) = −1 for 1 ≤ k ≤ d. Part (b) follows.

We now assume that d = 2g + 2 with g ≥ 2. Then Lemma 2.4.4 says
that L2 is a proper subfield of L̃; we want to determine which subfield it is.
Since Gal(L2/L1) is a free Z/2Z-module of finite rank, we may consider it
as a finite-dimensional vector space over F2. By Kummer theory, it may be
identified with the dual of a finite subgroup H < L×1 /(L

×
1 )2, which we also

view as a finite-dimensional vector space over F2. More precisely, there is a
canonical isomorphism

H
∼−→ Hom(Gal(L2/L1),F2)

defined explicitly as follows: for any element in H, a representative a ∈ L×1
gets mapped to the homomorphism Gal(L2/L1)→ F2 given by σ 7→ aσ/a ∈
{±1} ∼= F2. It is clear from this construction that L2 is generated over L1

by square roots of representatives in L×1 of all elements of H < L×1 /(L
×
1 )2.

Now assume that g 6= 1, so that L1 = L({αi}1≤i≤d). Let H ′ be the
subgroup of L×1 /(L

×
1 )2 generated by the elements (αi−αj) modulo (L×1 )2 for

1 ≤ i < j ≤ 2g + 2. Since the (αi − αj)’s are independent, we may view H ′

as a vector space over F2 of dimension (2g + 2)(2g + 1)/2 with a basis given
by the set of classes of the (αi − αj)’s. Let S be the set of pairs of integers
(i, j) with 1 ≤ i < j ≤ d. Then we may identify each (i, j) ∈ S with the
class of (αi − αj), and consider H ′ as the vector space

⊕
s∈S F2s. There is

an obvious bijection between the elements of H ′ and subsets of S.
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Note that Lemma 2.4.4 implies that H < H ′, so we may consider H as a
subspace of the vector space H ′.

Lemma 2.4.9. Any element of H, viewed as a subset T ⊂ S, has the fol-
lowing properties:

i) T has even cardinality; and
ii) for every k ∈ {1, ..., 2g + 2}, the number of elements (i, j) ∈ T such

that k ∈ {i, j} is odd; or, for every k ∈ {1, ..., 2g+2}, the number of elements
(i, j) ∈ T such that k ∈ {i, j} is even.

Proof. Define Σ and Σi as in Lemma 2.4.8. Then Σ is a product of all of
the standard generators Ai,j and therefore, by Lemma 2.4.6, Σ changes the
sign of

√
αi − αj ∈ L̃, for all 1 ≤ i < j ≤ 2g + 2. But part (a) of Lemma

2.4.8 implies that Σ fixes all square roots of representatives in L×1 of elements
of H, so elements of H must each be represented by a product of an even
number of terms of the form (αi − αj); in other words, each element of H
corresponds to an even-cardinality subset T ⊂ S, which is property (i).

Meanwhile, for each k ∈ {1, ..., 2g + 2}, let

Σ′k = A1,k...Ak−1,kAk,k+1...Ak,2g+2.

Since Γ(2)/Γ(4) is abelian, it is easy to see that the images of ΣkΣ
′
k and Σ

are equal in Γ(2)/Γ(4). Then it follows from both (a) and (b) of Lemma
2.4.8 that Σ′k maps to −1 ∈ Γ(2)/Γ(4). Now Σ′k is a product of all generators
Ai,j such that k ∈ {i, j}, and therefore, by Lemma 2.4.6, Σ′k changes the
sign of

√
αk − αi ∈ L̃ for all 1 ≤ i ≤ 2g + 2, i 6= k while fixing all

√
αi − αj

with k /∈ {i, j}. Thus, if an element of H is fixed by −1 (resp. not fixed by
−1), then the corresponding subset T ⊂ S must contain an even (resp. odd)
number of elements (i, j) with k ∈ {i, j} for each k. So the corresponding
subset T satisfies property (ii).

Lemma 2.4.10. The set H0 of all subsets T ⊂ S satisfying properties (i) and
(ii) of Lemma 2.4.9 is a subspace of H ′ =

⊕
s∈S F2s of dimension 2g2 + g.

Proof. First of all, let T, T ′ ⊂ S be any subsets satisfying properties (i) and
(ii). Then their sum corresponds to the subset (T ∪ T ′) \ (T ∩ T ′), and it
is easy to show that this subset must also satisfy properties (i) and (ii). It
follows that H0 is a subspace of H ′.

37



Let S1 = {(1, 2g+2), (2, 2g+2), ..., (2g+1, 2g+2)} ⊂ S, and let H1 be the
subspace of H ′ spanned by the elements of S1. We claim that H ′ = H0⊕H1.
For each 1 ≤ i < j ≤ 2g + 1, let

hi,j =

2g+1∑
k=1

(k, 2g + 2)− (i, 2g + 2)− (j, 2g + 2) + (i, j) ∈ H0.

For any element of H ′, one may obtain an element of H1 by adding elements
hi,j for appropriate choices of i and j. Thus, every element of H ′ is the sum
of an element of H0 and an element of H1. Moreover, choose any nonzero
element of H1, which corresponds to a nonempty subset T ⊂ S1 ⊂ S. If
T = S1, then T consists of 2g + 1 elements and violates property (i), and
therefore T /∈ H0. If T ( S1, then since T is also nonempty, there is some
k ∈ {1, ..., 2g + 1} such that (k, 2g + 2) ∈ T , but there is some other k′ ∈
{1, ..., 2g + 1} such that (k′, 2g + 2) /∈ T . Then by definition of S1, there
is exactly 1 element of (i, j) ∈ T with k ∈ {i, j}, but there are 0 elements
(i, j) ∈ T with k′ ∈ {i, j}. This violates property (ii), so again T /∈ H0.
Therefore, H0 ∩H1 = {0}, and the claim follows. In particular, dim(H ′) =
dim(H0) + dim(H1).

Since there are 2g + 1 elements in S1, the dimension of H1 is 2g + 1. So

dim(H0) = dim(H ′)− dim(H1) = (2g + 2)(2g + 1)/2− (2g + 1) = 2g2 + g.

Proposition 2.4.11. With all of the above notation, L2 is the extension of
L1 obtained by adjoining square roots of elements of the form∏

(i,j)∈T

(αi − αj) ∈ K1,

where T is a subset of S satisfying properties (i) and (ii) of Lemma 2.4.9.
Moreover, the square root of such an element

∏
(i,j)∈T (αi − αj) where T ⊂ S

satisfies (i) and (ii) is fixed by −1 ∈ Gal(L2/L1) if and only if T satisfies
iii) for every k ∈ {1, ..., 2g + 2}, the number of elements (i, j) ∈ T such

that k ∈ {i, j} is even.

Proof. First assume g 6= 1. Lemma 2.4.9 shows that H ⊆ H0, and Lemma
2.4.10 shows that H0 is a subspace of dimension 2g2 + g. Since H is finite-
dimensional and dual to Gal(L2/L1), the dimension of H is equal to the
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rank of Gal(L2/L1) ∼= Γ(2)/Γ(4) as a free Z/2Z-module. By Lemma 2.4.3,
Γ(2)/Γ(4) ∼= (Z/2Z)2g2+g. Therefore, the dimensions of H and H0 are equal,
so H = H0, which implies the first statement of the proposition for g 6= 1.

Let L′2 be the subfield of L2 fixed by {±1} � Gal(L2/L1). It was shown
in the proof of Lemma 2.4.9 that if T ⊂ S is the subset corresponding to L′2,
the number of elements (i, j) ∈ T such that k ∈ {i, j} is even for all k. This
proves the second statement of the proposition for g 6= 1.

Now assume g = 1. Then L1 is the subfield of L({αi}4
i=1) given in Propo-

sition 1.2.1(c). One checks that if we let A1 = (α1 − α2)(α3 − α4), A2 =
(α1−α3)(α2−α4), and A3 = (α1−α4)(α2−α3), we get L1 = L(A1, A2, A3).
Moreover, the Ai’s are algebraically independent, and their product is a
square root of the discriminant of the αi’s. Since L2 is unramified over L
at all points of X, then clearly L2 is unramified over L1 away from the ideals
(Ai) for i = 1, 2, 3. But Gal(L2/L1) ∼= Γ(2)/Γ(4) ∼= (Z/2Z)3, so by a simi-
lar argument as in the proof of Lemma 2.4.4, L2 = L1(

√
A1,
√
A2,
√
A3). It

is easy to check that this is still the extension of L1 described in the first
statement of the theorem. Moreover, it follows from Lemma 2.4.6 that the
element Σ4 = A1,2A1,3A2,3 acts on L2 = L1(

√
A1,
√
A2,
√
A3) by changing the

sign of each
√
Ai. But Lemma 2.4.8 implies that Σ acts as the scalar matrix

−1 ∈ Γ(2)/Γ(4). Thus,

L′2 = L1(
√
A2A3,

√
A3A1,

√
A1A2).

It is easy to check that this is still the extension of L1 described in the second
statement of the proposition. Thus, all claims still hold for g = 1.

It is easy to convert the above description of L2 and of the action of
−1 ∈ Gal(L2/L1) to the descriptions given in Theorem 2.4.1(b).

Proof (of Theorem 2.4.1(b)) . Recall the definition of H = H0 < H ′ used
above, and of H1 used in the proof of Lemma 2.4.10. It is shown in the proof
of Lemma 2.4.10 that any element of H ′ is the sum of an element in H1 and
elements of the form

hi,j :=

2g+1∑
k=1

(k, 2g + 2)− (i, 2g + 2)− (j, 2g + 2) + (i, j) ∈ H0.

It is also shown that H ′ = H ⊕H1, and therefore, the elements hi,j generate
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H. Each hi,j corresponds to the element in L×/(L×)2 represented by√
αi − αj

∏
1≤l≤2g+1
l 6=i,j

√
αl − α2g+2,

so L2 must be generated over L1 by these elements for 1 ≤ i < j ≤ 2g + 1.
Moreover, it follows directly from the second statement of Proposition 2.4.11
that −1 ∈ Gal(L2/L1) changes the sign of each of these generators.

2.5 Fields of 8-torsion of elliptic curves

In this section, we will give generators for the extension L3/L in the case
that J/L is an elliptic curve, or in other words, for degrees d = 3 and d = 4.
Throughout the section, for any index i ∈ {1, 2, 3}, we will consider i as an
element of Z/3Z. If d = 3, for each i ∈ Z/3Z, we fix an element Ai ∈ L2 such
that A2

i = αi+1 − αi+2. If d = 4, for each i ∈ Z/3Z, fix an element Ai ∈ L2

such that A2
i = (αi − α4)(αi+1 − αi+2). One checks that in either case, we

have the identity
A2

1 + A2
2 + A2

3 = 0, (2.19)

which we will exploit below. Now for each i = 1, 2, 3, fix an element Bi ∈ L̄
such that B2

i = Ai(Ai+1 + ζ4Ai+2). The result is as follows.

Theorem 2.5.1. Assume the above notation for d = 3 or d = 4. Then

L3 = L2(B1, B2, B3). (2.20)

We now state state some elementary properties of congruence subgroups
of SL2(Z). For each n ≥ 1, Γ(2n)/Γ(2n+1) ∼= (Z/2Z)3 (see the proof of
Corollary 2.2 of [22]), and therefore, |Γ(2)/Γ(8)| = 64. It is also straightfor-
ward to show that Γ(2)�SL2(Z) can be decomposed into the direct product
Γ(2)′ × {±1}, where

Γ(2)′ = {σ ∈ Γ(2) | σ1,1 ≡ σ2,2 ≡ 1 (mod 4)}. (2.21)

Lemma 2.5.2. The group Γ(2)′/Γ(8) can be presented as

〈σ, τ | σ4 = τ 4 = [σ2, τ ] = [σ, τ 2] = [σ, τ ]2 = [[σ, τ ], σ] = [[σ, τ ], τ ] = 1〉.
(2.22)
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Proof. Let σ (resp. τ) be the image of σ̃ :=

[
1 −2
0 1

]
(resp. τ̃ :=

[
1 0
2 1

]
) in

Γ(2)′/Γ(8). It is well known that σ̃ and τ̃ generate Γ(2)′ (see, for instance,
Proposition A.1 of [17]), so σ and τ generate Γ(2)′/Γ(8). It is then straight-
forward to check that the relations given in (2.22) hold. To show that these
relations determine the Γ(2)′/Γ(8), one checks that the only nontrivial ele-
ment of the commutator subgroup of the group given by (2.22) is cyclic of
order 2, and that the quotient by this commutator subgroup is isomorphic to
Z/4Z × Z/4Z; therefore, the group has order 32. Since Γ(2)′/Γ(8) also has
order 32, it must be fully determined by the relations in (2.22).

Lemma 2.5.3. The only normal subgroup of R−1(Γ(2)) which induces a
quotient isomorphic to Γ(2)/Γ(8) is R−1(Γ(8)) � R−1(Γ(2)) ∼= P3, where
R : Bd → Sp(T2(J)) is the representation defined in §2.2.2.

Proof. Clearly R−1(Γ(2))/R−1(Γ(8)) ∼= Γ(2)/Γ(8). As in Remark 2.3.5(b),
R−1(Γ(2)) ∼= P3 if d = 3 or d = 4, so it suffices to show that P3 has a unique
quotient isomorphic to Γ(2)/Γ(8).

Let N�P3 be a normal subgroup whose corresponding quotient is isomor-
phic to Γ(2)/Γ(8). By Proposition 2.1.1, A1,2A1,3A2,3 generates the center of
P3; therefore, its image moduloN must lie in the center of P3/N ∼= Γ(2)/Γ(8).
It can easily be deduced from Lemma 2.5.2 that the center of Γ(2)/Γ(8) is an
elementary abelian 2-group, so the image of A1,2A1,3A2,3 in P3/N must have
order dividing 2. It cannot be trivial, since then P3/N could be generated by
the images of A1,2 and A1,3, and it again can be deduced from Lemma 2.5.2
that Γ(2)/Γ(8) cannot be generated by only 2 elements. Therefore, the image
of A1,2A1,3A2,3 modulo N has order 2, and (A1,2A1,3A2,3)2 ∈ N , so the quo-
tient map factors through P3/〈(A1,2A1,3A2,3)2〉. But the discussion in §3.6.4
of [8] shows that P3/(A1,2A1,3A2,3)2 ∼= Γ(2) � SL2(Z), so the quotient map
factors through Γ(2). Any surjective homomorphism Γ(2) = Γ(2)′×{±1}�
Γ(2)/Γ(8) takes −1 ∈ Γ(2) to a nontrivial element of Γ(2)/Γ(8), since Γ(2)′

can be generated by only 2 elements, whereas Γ(2)/Γ(8) cannot. Then one
checks from the presentation given in the statement of Lemma 2.5.2 that the
image of Γ(2)′ must be isomorphic to Γ(2)′/Γ(8). Thus, it suffices to show
that the only normal subgroup of Γ(2)′ which induces a quotient isomorphic
to Γ(2)′/Γ(8) is Γ(8).

Let N ′ � Γ(2)′ be a normal subgroup such that Γ(2)′/N ′ ∼= Γ(2)′/Γ(8).
Let σ and τ be the matrices given in the proof of Lemma 2.5.2, and let
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φN : Γ(2)′ � Γ(2)′/N ′ be the quotient homomorphism. One checks from
the presentation given in the statement of Lemma 2.5.2 that each element
of Γ(2)′/N ′ has order dividing 4; that each square element is in the center;
and that the each commutator has order dividing 2 and is in the center. It
follows that φN ′(σ

4) = φN ′(τ
4) = φN ′([σ

2, τ ]) = φN ′([σ, τ
2]) = φN ′([σ, τ ]2) =

φN ′([[σ, τ ], σ]) = φN ′([[σ, τ ], τ ]) = 1. Thus, N ′ contains the subgroup nor-
mally generated by {σ4, τ 4, [σ2, τ ], [σ, τ 2], [σ, τ ]2, [[σ, τ ], σ], [[σ, τ ], τ ]}. But the
statement and proof of Lemma 2.5.2 show that Γ(8) is normally generated
by these elements, so Γ(8) � N ′. Since |Γ(2)′/N ′| = |Γ(2)′/Γ(8)|, we have
Γ(8) = N ′, as desired.

We are now ready to prove Theorem 2.5.1.

Proof (of Theorem 2.5.1) . Let L′ = L2(B1, B2, B3). First we check that L′

is generated over L2 by square roots of three elements of independent classes
in L×2 /(L

×
2 )2, and thus, [L′ : L2] = 8. Therefore, [L2 : L1] = 8 implies

[L′ : L1] = 64.
Using the relation (2.19), for each i, we compute

(Ai(Ai+1 + ζ4Ai+2))(Ai(Ai+1 − ζ4Ai+2)) = −A4
i . (2.23)

In light of this, for i = 1, 2, 3, we define B′i to be the element of L′ such that
B′2i = Ai(Ai+1 − ζ4Ai+2) and BiB

′
i = ζ4A

2
i ∈ L1. Define σ ∈ Gal(L′/L1) to

be automorphism which acts by

σ : (A1, A2, A3, B1, B2, B3) 7→ (A1, A2,−A3, B
′
1, B

′
2, ζ4B

′
3),

and let τ ∈ Gal(L′/L1) be the automorphism which acts by

τ : (A1, A2, A3, B1, B2, B3) 7→ (−A1, A2, A3, ζ4B1, B
′
2, B

′
3).

Note that σ2 and τ 2 both act trivially on L2 while sending (B1, B2, B3) to
(B1, B2,−B3) and to (−B1, B2, B3) respectively; it is now easy to check that
σ2 (resp. τ 2) has order 2 and commutes with τ (resp. σ). One also checks
that [σ, τ ] acts trivially on L2 and sends (B1, B2, B3) to (−B1,−B2,−B3),
and that this automorphism also commutes with both σ and τ . Thus, σ and
τ satisfy the relations given in (2.22). Moreover, σ and τ have exact order
4, while [σ, τ ] has exact order 2, and it is straightforward to verify that this
implies that 〈σ, τ〉 has order 32 = |Γ(2)′/Γ(8)| and therefore is isomorphic to
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Γ(2)′/Γ(8). Note also that 〈σ, τ〉 fixes A2, whose orbit under Gal(L̄/L1) has
cardinality 2, so if ρ is any automorphism in Gal(L′/L1) which does not fix
A2, then 〈σ, τ, ρ〉 has order 64 and must be all of Gal(L′/L1). We choose ρ to
be the automorphism that acts by changing the sign of all Ai’s and all Bi’s.
Then ρ commutes with σ and τ , and

Gal(L′/L1) = 〈σ, τ〉 × 〈ρ〉 ∼= Γ(2)′/Γ(8)× {±1} ∼= Γ(2)/Γ(8). (2.24)

One can check that L′/L1 is unramified away from the primes {(A2
i )}3

i=1,
and thus, L′ is a subextension of Lunr/L1. As noted in Remark 2.3.5(b),

Gal(Lunr/L1) ∼= P̂3 if d = 3 or d = 4, and the subextension L′ corresponds to

some normal subgroup of P̂3 inducing a quotient isomorphic to Gal(L′/L1) ∼=
Γ(2)/Γ(8). Lemma 2.5.3 then implies that this normal subgroup of P̂3 is the
one corresponding to R−1(Γ(8)) � P3. But Proposition 2.3.4 shows that the
subextension corresponding to R−1(Γ(8)) is L3. Therefore, L′ = L3.

2.6 Generalization to other ground fields

The goal of this section is to strengthen the main results of this chapter
(Theorems 2.3.1, 2.4.1, and 2.5.1) by generalizing from a ground field L
which is transcendental over C to a ground field K which is transcendental
over some field k of characteristic different from 2. (Although the statement
of Theorem 2.3.1 will only be generalized for ` = 2, it can be generalized for
odd ` in an analogous way using a similar argument; we omit this in order
to avoid cumbersome notation.)

As in Chapter 1, let k be any field of characteristic different from 2; let
α1, α2, ... , αd be transcendental and independent over k; and let K be
the subfield of k({αi}1≤i≤d) generated over k by the symmetric functions of
the αi’s. We will also fix the following notation. Let CK be the hyperelliptic
curve defined over K given by the equation (2.12), and let JK be its Jacobian.
For each n ≥ 0, let Kn = K(JK [2n]) be the extension of K over which the 2n-
torsion points of JK are defined, and let K∞ =

⋃∞
n=0Kn and L∞ =

⋃∞
n=0 Ln.

Let ρ2,K : Gal(K̄/K) → AutZ2(T2(JK)) be the homomorphism arising from
the natural Galois action on the Tate module of JK ; recall that the image of
ρ2,K is contained in the group of symplectic similitudes GSp(T2(JK)) and is
further contained in Sp(T2(JK)) if and only if K contains all 2-power roots
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of unity. Whenever a statement concerning the “generic” Jacobian over L
remains true when C is replaced by some field k in this way, then we shall
say that that statement “holds over k”. (In what follows, we canonically
identify T2(J) with T2(JK) and Γ(2n) with the level-2n congruence subgroup
of Sp(T2(JK)) for each n ≥ 0.)

Lemma 2.6.1. Suppose that k is a subset of C. Then the statements of
Theorem 2.3.1 (with ` = 2) and Corollary 2.3.3 hold over k.

Proof. For any n ≥ 0, let θn : Gal(L∞/Ln)→ Gal(K∞/Kn) be the composi-
tion of the natural inclusion Gal(L∞/Ln) ↪→ Gal(L∞/Kn) with the natural

restriction map Gal(L∞/Kn) � Gal(K∞/Kn). Let ρ̄
(∞)
2 (resp. ρ̄

(∞)
2,K ) be

the representation of Gal(L∞/L) (resp. Gal(K∞/K)) induced from ρ2 (resp.
ρ2,K) by the restriction homomorphism of the Galois groups. It is easy to see

that ρ̄
(∞)
2 = ρ̄

(∞)
2,K ◦ θ0. It will suffice to show that θ0 is an isomorphism when

K = K(µ2).
First, observe that L∞ = K∞C and Ln = KnC, and that therefore,

K∞Ln = K∞C = L∞. Choose any σ ∈ Gal(L∞/Ln) such that θn(σ) acts
trivially on K∞. Then σ acts trivially on K∞ as well as on Ln, so it acts
trivially on their compositum K∞Ln = L∞. Thus, θn is injective.

Now suppose that n ≥ 1. Then, as in the proof of Corollary 2.3.3(b), the

image under ρ̄
(∞)
2 of Gal(L∞/Ln) coincides with the congruence subgroup

Γ(2n). Therefore, since θn is injective, the image under ρ̄K of Gal(K∞/Kn)
contains Γ(2n). If K contains all 2-power roots of unity, then the Weil pairing
is Galois invariant, and so the image of Gal(K∞/Kn) must also be contained
in Γ(2n). Therefore, θn is an isomorphism for n ≥ 1 when K = K(µ2).

Now if d 6= 4, using Corollary 2.3.3(a) and the fact that Gal(K({αi}di=1)/K) ∼=
Sd by Proposition 1.2.1(c), we get the commutative diagram below, whose
top and bottom rows are short exact sequences.

1 // Gal(L∞/L1) //

θ1
��

Gal(L∞/L) //

θ0
��

Sd // 1

1 // Gal(K∞/K1) // Gal(K∞/K) // Sd // 1

(2.25)

By the Short Five Lemma, if θ1 is an isomorphism, then so is θ0. Thus,
θ0 is an isomorphism when d 6= 4 and K = K(µ2). The fact that θ0 is an
isomorphism when d = 4 and K = K(µ2) follows from a similar argument.
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Lemma 2.6.2. Suppose that k is a subfield of C. Then the statement of
Theorem 2.4.1 (resp. Theorem 2.5.1) holds over K(ζ4) (resp. over K(ζ8)).

Proof. For any n ≥ 1, define ρ̄
(n)
2 : Gal(Ln/L1)

∼→ Γ(2)/Γ(2n) � Sp(J [2n]) as

in the statement of Corollary 2.3.3(b), and define ρ̄
(n)
2,K : Gal(Kn/K1) →

GSp(JK [2n]) in the obvious way. Additionally, let θ̄(n) : Gal(Ln/L) →
Gal(Kn/K) be the composition of the natural inclusion Gal(Ln/L) ↪→ Gal(Ln/K)
with the natural restriction map Gal(Ln/K) � Gal(Kn/K). It is easy to

see that ρ̄
(n)
2 = ρ̄

(n)
2,K ◦ θ̄(n). It will suffice to show that θ̄(2) is an isomorphism

when K = K(ζ4) and that θ̄(3) is an isomorphism when K = K(ζ8).
As in the proof of Lemma 2.6.1, observe that Ln = KnC, and that there-

fore, KnL1 = KnC = Ln. Choose any σ ∈ Gal(Ln/L1) such that θ̄(n)(σ)
acts trivially on Kn. Then σ acts trivially on Kn as well as on L1, so it acts
trivially on their compositum KnL1 = Ln. Thus, θ̄(n) is injective. It follows
that the image under ρ̄

(n)
2,K contains Γ(2)/Γ(2n)�GSp(JK [2n]). If K = K(ζ4)

(resp. if K = K(ζ8)), then the Weil pairing on J [4] (resp. on J [8]) is Ga-
lois invariant, and so the image of Gal(K2/K) (resp. of Gal(K3/K)) must
also be contained in Γ(2)/Γ(4) � GSp(J [4]) (resp. Γ(2)/Γ(8) � GSp(J [8])).
Therefore, θ̄(2) (resp. θ̄(3)) is an isomorphism when K = K(ζ4) (resp. when
K = K(ζ8)), as desired.

Lemma 2.6.3. Suppose that k = Fp for some prime p 6= 2. Then the
statement of Theorem 2.4.1 (resp. Theorem 2.5.1) holds over K(ζ4) (resp.
over K(ζ8)).

Proof. Fix an integer n ≥ 1. Consider the affine scheme

S := Spec(Z[1
2
, ζ2n , {αi}di=1, {(αi − αj)−1}1≤i<j≤d])

and the affine scheme C(S) → S given by

C(S) = Spec(OS[x, y]/(y2 − F (x))),

where OS is the coordinate ring of S and F (x) =
∏d

i=1(x − αi). Define
J (S) → S to be the abelian scheme representing the Picard functor of the
scheme C(S) → S (see [14], Theorem 8.1). Let J0 denote the Jacobian of
the hyperelliptic curve defined over K ′ := Q(ζ2n , {αi}di=1) by the equation in
(2.12). Note that the generic fiber of J (S) → S is J0, while the fiber over the
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prime (p) is the Jacobian JK over K1 when k = Fp(ζ2n). Proposition 20.7
of [13] implies that the kernel of the multiplication-by-2n map on J (S) → S,
which we denote by J (S)[2n] → S, is a finite étale group scheme over S.
Since the morphism J (S)[2n] → S is finite, J (S)[2n] is an affine scheme
whose coordinate ring we denote by OS,n; finiteness implies that OS,n is an
integral extension of OS. Then the corresponding extension of function fields
is K ′(J0[2n])/K ′. If n = 2, then by Lemma 2.6.2, the extension of function
fields of K ′(J0[2n])/K ′ is given by the generators in the statement of Theorem
2.4.1. It is easy to check that these elements are integral over OS and thus
may be used to generate a subextension of OS,2 over OS whose fraction field
coincides with the fraction field of K ′(J0[2n]). It follows that the fraction
field of the reduction modulo (p) of OS,2 is generated over the fraction field
of the reduction modulo (p) of OS by the images modulo (p) of the generators
given in the statement of Theorem 2.4.1. But these fraction fields are clearly
K2 and K1 respectively. This proves that Theorem 2.4.1 holds over K(ζ4)
when k = Fp; the claim that Theorem 2.5.1 holds over K(ζ8) when k = Fp
follows from a similar argument.

Proposition 2.6.4. Suppose that k is any field of characteristic different
from 2. Then the statement of Theorem 2.4.1 (resp. Theorem 2.5.1) holds
over K(ζ4) (resp. over K(ζ8)).

Proof. Let f be the prime subfield of k, and let F be the purely transcendental
extension of f obtained by adjoining the symmetric functions of the αi’s.
Then since the coefficients of the equation (2.12) are elements of F, we may
consider C (and hence also J) to be defined over the subfield F ⊆ K. If the
characteristic of k is 0 (resp. p > 0), then f = Q (resp. f = Fp), and Lemma
2.6.2 (resp. Lemma 2.6.3) gives the statement of the proposition when K =
F. The statement for general K immediately follows since K2 = KF(J [4])
and K3 = KF(J [8]).
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Chapter 3

Dyadic torsion of elliptic curves

Let k be any field of characteristic different from 2. Fix an integer d ≥ 3;
let α1, α2, ..., αd be transcendental and independent over k; and let K be the
subfield of k({αi}di=1) generated over k by the symmetric functions of the
αi’s. Let C be a smooth projective model of the hyperelliptic curve over K
given by

y2 =
d∏
i=1

(x− αi), (3.1)

and let J be its Jacobian. The main goal of this chapter is to describe
generators of the extension of K over which all 2-power torsion is defined
when d = 3, in which case the genus is g = 1 and C (as well as J) is
an elliptic curve. For our main result, we describe these generators using
recursive formulas. To set up these formulas, we first require the notion of a
“decoration” on a 3-regular tree, which is developed in the following section.
The main result (Therem 3.2.1) will be stated and proved in §3.2. In §3.3,
we will apply the constructions developed in §3.2 to obtain additional results
(Proposition 3.3.1 and Theorem 3.3.2), and in §3.4, we will apply the results
of this chapter to curves in the Legendre family.

3.1 Construction of decorations for genus 1

3.1.1 Equivalence classes of rank-2 Z2-lattices

In this subsection, the genus of C may be any integer g ≥ 1. Let T2(J) denote
the 2-adic Tate module of E, and let V2(J) = T2(J) ⊗ Q2. Then V2(J) is
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a 2g-dimensional vector space over Q2 which contains the rank-2g Z2-lattice
T2(J). Clearly, Q×2 acts upon the set of all rank-2g Z2-lattices in V2(J) as
follows: for any such lattice Λ and any a ∈ Q×2 , then let aΛ = {aλ | λ ∈ Λ},
which is also a rank-2g Z2-lattice in V2(J). We define a graph L as follows.
The vertices of L are the set of all rank-2g Z2-lattices in V2(J) modulo the
equivalence relation where Λ is equivalent to Λ′ if Λ = aΛ′ for some a ∈ Q2.
The equivalence class of a lattice Λ will be denoted [Λ]. Two vertices are
connected by an edge if they can be written as [Λ] and [Λ′], where Λ ⊂ Λ′

and Λ′/Λ ∼= (Z/2Z)⊕g. It is easy to see that this relation is symmetric, so
the edge set of this graph is well-defined. From now on, let Λ0 = T2(J).

Proposition 3.1.1. a) Each vertex of L is represented uniquely by a lattice
which contains Λ0 but does not contain 2−1Λ0.

b) There is a bijection between vertices of L and finite subgroups of J [2∞]
which do not contain all of J [2].

Proof. Let Λ be any rank-2g Z2-lattice in V2(J). Consider the sequence of
Z2-lattices {2−nΛ∩Λ0}∞n=0. Each lattice 2−nΛ∩Λ0 is an open subgroup of Λ0

(in the 2-adic topology); moreover, since ∪∞n=02−nΛ = V2(J), this sequence
of lattices forms an open cover of Λ0. But Λ0 is compact, so this cover has
a finite subcover. It follows that for some n′ ≥ 0, 2−n

′
Λ ≥ Λ0. Now there

must be a maximal m′ ≥ 0 such that 2−nΛ ≥ 2−m
′
Λ0, or else 2−n

′
Λ ≥

∪∞n=02−nΛ0 = V2(J), which is impossible. Then 2m
′−n′Λ contains Λ but not

2−1Λ, and the first part of (a) follows from the fact that [2m
′−n′Λ] = [Λ]. To

prove uniqueness, suppose that Λ′ and Λ are two lattices in the same class
which each contain Λ0 but not 2−1Λ0. Then Λ′ = aΛ for some a ∈ Q×2 . Let
v2(a) be the 2-adic valuation of a. If v2(a) > 0, then aΛ does not contain Λ0,
which is a contradiction, and if v2(a) < 0, then aΛ contains 2−1Λ0, which is
a contradiction. Thus, v2(a) = 0 and a ∈ Z×2 , so Λ′ = aΛ = Λ, and part (a)
is proved.

To prove (b), it suffices by (a) to construct a bijection between the set of
lattices Λ which contain Λ0 but not 2−1Λ0 and the set of finite subgroups of
J [2∞] which do not contain all of J [2]. Let Λ be a lattice containing Λ0 but
not 2−1Λ0. Then Λ/Λ0 is clearly a finite Z2-module. Choose n ≥ 0 such that
2n kills Λ/Λ0. Then 2nΛ0 ≤ 2nΛ ≤ Λ0, so we may identify Λ/Λ0

∼= 2nΛ/2nΛ0

with a subgroup of Λ0/2
nΛ0. But Λ0 = T2(J), and T2(J)/2nT2(J) is naturally

identified with J [2n], so we may identify N := Λ/Λ0 with a subgroup of
J [2n] < J [2∞]. The fact that Λ does not contain 2−1Λ0 implies that N does
not contain J [2]. Conversely, let N be a finite subgroup of J [2∞] which
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does not contain J [2]. Then N is a subgroup of J [2n] for some n ≥ 0, and
furthermore, it has an obvious Z2-module structure. By the inverse limit
definition of T2(J), a subgroup of J [2n] lifts uniquely to a subgroupM of finite
index of T2(J) which contains 2nT2(J), and such that there is a canonical
isomorphism M/2nT2(J) ∼= N which respects the Z2-module structure. It is
clear that M is a sublattice of T2(J). Let Λ = 2−nM . Then there are natural
isomorphisms of Z2-modules

Λ/T2(J) ∼= 2nΛ/2nT2(J) ∼= M/2nT2(J) ∼= N. (3.2)

By construction, this Λ is uniquely determined by N . Moreover, the fact
that N does not contain J [2] implies that Λ does not contain 2−1Λ0.

3.1.2 A 3-regular tree

For this subsection and for most of the rest of the chapter, we will assume
that C has degree d = 3 and therefore genus g = 1 – in other words, C is an
elliptic curve and can be identified with its Jacobian J . In this case, we will
write E for the elliptic curve C (and J), but we will continue to denote the
associated graph by L.

Proposition 3.1.2. With the above definitions, L is a 3-regular tree.

Proof. This is proved in Chapter II, §1 of [25].

Let |L| denote the set of vertices of L. Since L is a tree, one may define
the “distance” between two vertices in |L| to be the number of edges in a
simple path connecting them. For any integer n ≥ 0, let |L|n (resp. |L|≤n,
resp. |L|≥n) denote the subset of vertices of L which are of distance n (resp.
≤ n, resp. ≥ n) from v0 := [Λ0].

Proposition 3.1.3. Under the bijection given in Proposition 3.1.1(b), for
n ≥ 0, each vertex v ∈ |L|n is identified with a cyclic order-2n subgroup of
E[2n].

Proof. First, note that for each n ≥ 1, J [2n] is a free Z/2nZ-module of
rank 2, so any subgroup of J [2n] not containing J [2] must be cyclic. Now let
N < J [2n] be a cyclic subgroup of order 2n corresponding to a vertex v ∈ |L|.
Then one easily verifies that {N ∩ J [2i]}ni=0 is a sequence of cyclic subgroups
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whose corresponding vertices form a path from v0 to v with n edges. Now
assume inductively that the claim of the proposition holds for any m ≤ n−1.
Then v /∈ |L|m for any m ≤ n− 1 since N is cyclic of order 2n 6= 2m. Thus,
v ∈ |Λ|n, and the claim is proved.

3.1.3 Decorations on 3-regular trees

In order to define “decoration”, we first set up some notation.
The fact that L is a 3-regular tree implies immediately that each vertex

v ∈ |L|n for n ≥ 1 has exactly one “parent”, that is, a unique vertex ṽ ∈
|L|n−1 of distance 1 from v. Furthermore, each v ∈ |L|n for n ≥ 2 has a
“twin”, that is, a unique lattice v′ ∈ |L|n different from v with the same
parent as v. Note that for any v ∈ |L|n with n ≥ 2, v 6= v′ but (v′)′ = v.

Let v ∈ |L|1. Then there is a lattice Λ representing v such that Λ > Λ0

and Λ/Λ0
∼= Z/2Z. There are three such lattices Λ which represent the

three vertices in |L|1, all contained in 2−1Λ0. Then each such Λ can be
identified with an order-2 subgroup of E[2] via the induced injection Λ/Λ0 ↪→
2−1Λ0/Λ0 composed with the obvious isomorphisms 2−1Λ0/Λ0

∼= Λ0/2Λ0 =
T2(E)/2T2(E) ∼= E[2]. For i = 1, 2, 3, we denote by v(i) the vertex in |L|1
corresponding in this way to the order-2 subgroup 〈(αi, 0)〉 of E[2]. We define
the “twin” of v(i) to be v(i)′ := v(i+ 1), where i is considered as an element
of Z/3Z.

Definition 3.1.4. A decoration on the tree L is a map Ψ : |L|≥1 → K̄ with
the following properties:

a) For any vertex v ∈ |L|≥1, Ψ(v) 6= Ψ(v′).
b) For i ∈ Z/3Z, Ψ(v(i)) = αi+1 − αi+2.
c) For every v ∈ |L|2, Ψ(v) is a root of the quadratic polynomial

x2 + 2(2Ψ((ṽ)′) + Ψ(ṽ))x+ Ψ((ṽ))2 ∈ K̄[x], (3.3)

and for every v ∈ |L|≥3, Ψ(v) is a root of the quadratic polynomial

x2 + 2(Ψ((ṽ)′)− 2Ψ(ṽ))x+ Ψ((ṽ)′)2 ∈ K̄[x]. (3.4)

Proposition 3.1.5. A decoration on L exists.

Proof. For each N ≥ 1, define FN to be the set of all functions Ψ : |L|≤n\{v0}
that satisfy the conditions of Definition 3.1.4 for n ≤ N . Clearly, each
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FN is finite, and for each N < N ′, there is a map from FN ′ to FN by
restriction, so it will suffice to show that each FN is nonempty (because
the inverse limit of nonempty sets is also nonempty). By definition, F1 is
nonempty, and one can explicitly show that F2 is nonempty and that any
function Ψ ∈ F2 takes nonzero values in K̄. Now we prove inductively that
FN is nonempty for N ≥ 3 by showing that for each N ≥ 2 and function
ΨN ∈ FN , there is a function ΨN+1 ∈ FN+1 restricting to ΨN . This amounts
to showing that for each v ∈ |L|n with n ≥ 2, the polynomial x2 + 2(Ψ(v′)−
2Ψ(v))x + Ψ(v′)2 has two distinct roots in K̄. It is clear from property (b)
of the definition and a little computation that for v ∈ |L|2, the polynomial
x2 + 2(Ψ(v′)− 2Ψ(v))x + Ψ(v′)2 has two distinct, nonzero roots in K̄. Now
assume inductively that this claim holds for all v ∈ |L|n−1 for some n ≥ 3.
Let v ∈ |L|n. If 0 were a root of x2 + 2(Ψ(v′) − 2Ψ(v))x + Ψ(v′)2, then the
constant coefficient (Ψ(v′))2 would be 0. But Ψ(v′) is a root of the polynomial
x2 + 2(Ψ(ṽ′) − 2Ψ(ṽ))x + Ψ(ṽ′)2, which by the inductive assumption, has
nonzero roots. Thus, the polynomial x2 + 2(Ψ(v′) − 2Ψ(v))x + Ψ(v′)2 has
nonzero roots. Now suppose that its roots are equal. Then its discriminant
4(Ψ(v′) − 2Ψ(v))2 − 4Ψ(v′)2 = 16Ψ(v)(Ψ(v) − Ψ(v′)) is 0, implying that
either Ψ(v) = 0 or Ψ(v) = Ψ(v′). But Ψ(v) and Ψ(v′) are the two roots
of the polynomial x2 + 2(Ψ(ṽ′) − 2Ψ(ṽ))x + Ψ(ṽ′)2, and by the inductive
assumption, they are distinct and nonzero, so we have a contradiction.

3.2 Field of dyadic torsion for genus 1

Define Kn for n ≥ 0 and K∞ as in §2.6. Let G be the image of the natural
homomorphism ρ2 : Gal(K̄/K)→ GL(T2(E)) := AutZ2(T2(E)). As in §2.3.2,

for any integer n ≥ 0, we write ρ̄
(n)
2 : Gal(Kn/K) → GL(E[2n]) for the

homomorphism induced by the natural Galois action on E[2n], and denote
its image by Ḡ(n). Let G(n) denote the kernel of the natural surjection
G � Ḡ(n); it is the image under ρ2 of the normal subgroup Gal(K̄/Kn) �
Gal(K̄/K). Note that G(0) = G. For any extension field K ′ of K, let
K ′(µ2) =

⋃∞
n=1 K

′(ζ2n).
We now state the main theorem, which we will prove in the remainder of

this section.

Theorem 3.2.1. Let an elliptic curve E/K be defined as above, with Weier-
strass roots α1, α2, and α3. Define the tree L associated with this elliptic
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curve as above, and let Ψ be a decoration on L. Set

K ′∞ := K({Ψ(v)}v∈|L|≥1
).

a) For any i, j ∈ {1, 2, 3} with i 6= j, choose an element ai,j ∈ K̄ whose
square is αi − αj. Then we have

K∞ = K ′∞(ai,j)(µ2).

b) Any Galois automorphism whose image under ρ2 is −1 acts on K∞ by
fixing K ′∞(µ2) and sending ai,j to −ai,j.

Remark 3.2.2. In the case that the degree d = 4 and C is a smooth
projective model of the curve given by (3.1) with J its Jacobian, for any
i ∈ {1, 2, 3, 4}, we may determine the field extension K(α̂i, J [2∞])/K(α̂i),
where α̂i is a square root of

∏
1≤j≤4,j 6=i(αj − αi), as follows. There is a

morphism from C to the (degree-3) elliptic curve E over K(α̂i) given by

E : y′2 =
∏

1≤j≤4,j 6=i

(x′ − 1/(αj − αi)),

which is defined by x′ = 1/x−αi, y′ = y/α̂i(x−αi). Then we may apply the
above theorem to E to find the extension ofK(α̂i) obtained by adjoining all 2-
power torsion points of E. Since the morphism C → E is defined over K(α̂i),
this is the field of dyadic torsion of the Jacobian J of C, considered as a curve
over K(α̂i). It seems likely that the extension K(J [2∞])/K may be described
as in the statement of Therem 3.2.1, with a similar definition of “decoration”,
except where Ψ(v(i)) = (αi − α4)(αi+1 − αi+2) for each i ∈ Z/3Z. This is
analogous to the the situation in §2.5, and would result from a generalization
of Lemma 2.5.3 stating that R−1(Γ(2n)) is the unique normal subgroup of
R−1(Γ(2)) which induces a quotient isomorphic to Γ(2)/Γ(2n).

3.2.1 Compositions of 2-isogenies of elliptic curves

In this subsection, we will assign to each v ∈ |L|n an elliptic curve Ev and
a 2n-isogeny φNv : E → ENv whose kernel is Nv, which we will later show
(Proposition 3.2.9(b)) is defined over K(Nv). We will do this using a well-
known isogeny of degree 2 which is defined over the field of definition of
its kernel. (Note that it is well known, as in Exercise 3.13(e) of [28], that
for any finite subgroup N < E(K̄), there is an elliptic curve E ′ ∼= E/N
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and an isogeny E → E ′ with kernel N which is defined over the extension
K(N) ⊇ K. However, the proof for this is not constructive.) In the following,
for αi ∈ {α1, α2, α3}, we will write αi+1 or αi+2 as though i ∈ Z/3Z.

Proposition 3.2.3. Define, for any distinct, nonzero β, γ ∈ K̄, the elliptic
curves Eβ,γ and E ′β,γ over K̄ given by the following Weierstrass equations:

Eβ,γ : y2 = x(x− β)(x− γ), (3.5)

E ′β,γ : y2 = x3 + 2(β + γ)x2 + (β − γ)2x. (3.6)

Let φβ,γ : Eβ,γ → E ′β,γ be the morphism given by

φβ,γ : (x, y) 7→ (
y2

x2
, y(

βγ

x2
− 1)). (3.7)

Then
a) φβ,γ is an isogeny of degree 2 whose kernel is generated by (0, 0) ∈

Eβ,γ[2], and
b) the points (β, 0), (γ, 0) ∈ Eβ,γ[2] are mapped by φβ,γ to the point (0, 0) ∈

E ′β,γ[2].

Proof. This is given as an example of a 2-isogeny of elliptic curves in Example
4.5 of Chapter III in [28], with a = −(β+γ), b = βγ, and r = (β−γ)2. Direct
computation shows that φβ,γ((β, 0)) = φβ,γ((γ, 0)) = (0, 0) ∈ E ′β,γ[2], proving
part (b). This implies that the difference of the points (β, 0), (γ, 0) ∈ Eβ,γ[2],
which is (0, 0) ∈ Eβ,γ[2], lies in the kernel of φβ,γ, proving part (a).

Set Ev0 := E, and let φv0 : E → Ev0 be the identity isogeny.
For any z ∈ K̄, denote by Ez the elliptic curve with Weierstrass equation

given by
y2 = (x− α1 − z)(x− α2 − z)(x− α3 − z). (3.8)

Let tz the isomorphism E → Ez sending (x, y) 7→ (x+ z, y). Now define, for
i ∈ Z/3Z,

φv(i) : E → E ′αi+1−αi,αi+2−αi , φi := φαi+1−αi,αi+2−αi ◦ t−αi . (3.9)

We assign Ev(i) := E ′αi+1−αi,αi+2−αi . It follows from Proposition 3.2.3 that
for each i, φv(i) : E → Ev(i) is an isogeny whose kernel is the order-2 cyclic
subgroup Nv(i) = 〈(αi, 0)〉 of E(K1).
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From now on, for each i ∈ Z/3Z, let av(i) = αi+1 − αi+2. Then we may
write the Weierstrass equation for Ev(i) as

y2 = x3 + 2((αi+2 − αi)− (αi − αi+1))x2 + (αi+1 − αi+2)2x

= x3 + 2(2(αi+2 − αi) + (αi+1 − αi+2))x2 + (αi+1 − αi+2)2x

= x3 + 2(2av(i)′ + av(i))x
2 + a2

v(i)x. (3.10)

Since 0 is a root of the cubic in the above equation, we know that (0, 0) ∈
Ev(i)[2], and Proposition 3.2.3(b) implies that (0, 0) is the image of both
points in E[2]\Nv(i). It follows that the inverse image of 〈(0, 0)〉 < Ev(i)[2]
under φv(i) is E[2]. Then the inverse images of the other two order-2 sub-
groups of Evj(K̄) under φv(i) are the two cyclic order-4 subgroups of E(K̄)
which contain Nv(i). It follows that these cyclic order-4 subgroups must be
Nv and Nv′ , where v and v′ are twin vertices in |L|2 whose parent vertex
is v(i). Let av (resp. av′) be the (nonzero) root of the cubic in the above
equation such that φv(i) takes Nv (resp. Nv′) to the subgroup 〈(av, 0)〉 (resp.
〈(av′ , 0)〉) of ENv(i)

(K̄). Now, using the notation of above, we have the elliptic
curve E ′−av ,av′−av and the isogeny φ−av ,av′−av ◦ t−av : Evj → E ′−av ,av′−av . Its
kernel is 〈av, 0〉. Therefore, if we assign Ev := E ′−av ,av′−av and

φv := φ−av ,av′−av ◦ t−av ◦ φv(i) : E → Ev, (3.11)

then φv has kernel Nv. Its Weierstrass equation can be written as

y2 = x3 + 2((−av) + (av′ − av))x2 + ((−av)− (av′ − av))2x

= x3 + 2(av′ − 2av)x
2 + a2

v′x. (3.12)

Thus, we have defined the desired Ev and φv for all v ∈ |L|2.
Now we will define the desired φNv and ENv for any v ∈ |L| \ {v0} using

induction. Choose any vertex v ∈ |L|n for n ≥ 2, and suppose (inductively)
that we have assigned elements av, av′ ∈ K̄, as well as an elliptic curve ENv
and an isogeny φNv : E → ENv whose kernel is Nv. Assume further the
existence of an elliptic curve ENṽ and an isogeny φNṽ : E → ENṽ whose
kernel is Nṽ. Suppose that ENṽ has Weierstrass equation

y2 = x(x− av)(x− av′), (3.13)

that ENv has Weierstrass equation

y2 = x3 + 2(av′ − 2av)x
2 + a2

v′x, (3.14)
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and that φNv = φ−av ,av′−av ◦ t−av ◦φNṽ . Then as above, (0, 0) ∈ ENv [2], and it
is easy to verify that, again as above, the inverse image of 〈(0, 0)〉 < ENv [2]
under φ−av ,av′−av ◦ t−av is ENṽ [2]. The inverse image of 〈(0, 0)〉 < ENv [2]
under φNv therefore contains E[2] and is not a cyclic subgroup of E(K̄).
The inverse images under φNv of the other two order-2 subgroups of ENv(K̄)
therefore correspond to the two order-2n+1 cyclic subgroups of E(K̄) which
contain the order-2n cyclic subgroup Nv. Therefore, these inverse images are
Nu and Nu′ , where u is a vertex in |L|n+1 such that ũ = v. Let au (resp.
au′) be the (nonzero) root of the cubic in the above equation such that φNv
takes Nu (resp. Nu′) to the subgroup 〈(au, 0)〉 (resp. 〈(au′ , 0)〉) of ENv(K̄).
Now, using the notation of above, we have the elliptic curve E ′−au,au′−au and
the isogeny φ−au,au′−au ◦ t−au : ENv → E ′−au,au′−au . Its kernel is 〈(au, 0)〉.
Therefore, if we assign ENu := E ′−au,au′−au and

φNu := φ−au,au′−au ◦ t−au ◦ φNv : E → ENu ,

then φNu has kernel Nu. Its Weierstrass equation can be written as

y2 = x3 + 2((−av) + (av′ − av))x2 + ((−av)− (av′ − av))2x

= x3 + 2(au′ − 2au)x
2 + a2

u′x. (3.15)

Since the parent of every vertex |L|n+1 is a vertex in |L|n, it follows that
through the method described above, we have defined the desired Ev and
φv for all v ∈ |L|n+1. In this way, Ev, φv, and av ∈ K̄ are defined for all
v ∈ |L|≥1. Furthermore, for all v ∈ |L|, we define Kv to be the extension of
K obtained by adjoining the coefficients of the Weierstrass equation of Ev
given above.

Remark 3.2.4. With the above notation, for any v ∈ |L|n with n ≥ 2, let
au and au′ be the two distinct nonzero roots of the cubic in (3.14). Then we
have shown above that the isogeny

φau,au′ ◦ φ−av ,av′−av ◦ t−av : ENṽ → E ′au,au′ (3.16)

has kernel ENṽ [2]. In fact, one can compute that it takes

ENṽ : y2 = x(x− av)(x− av′) (3.17)

to
E ′au,au′ : y2 = x(x− 4av)(x− 4av′). (3.18)

These two elliptic curves are easily verified to be isomorphic over K; for
instance, one can define an isomorphism ENṽ → E ′au,au′ by (x, y) 7→ (4x, 8y).
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Lemma 3.2.5. Using the above notation, define Ψ : |L|≥1 → K̄ by setting
Ψ(v) = av for v ∈ |L|≥1. Then Ψ is a decoration on L.

Proof. The assignments of av(i) for i ∈ Z/3Z satisfy the property (b) given
in Definition 3.1.4. By construction, Ψ also satisfies property (c) also (see
the cubics in (3.10) and (3.12)). Finally, as in the proof of Proposition 3.1.5,
the roots of the above quadratics must be distinct, fulfilling property (a).

Definition 3.2.6. For any integer n ≥ 0, define the extension K ′n of K to
be the compositum of the fields Kv for all v ∈ |L|≤n. Define the extension
K ′∞ of K̄ to be the infinite compositum

K ′∞ :=
⋃
n≥0

K ′n.

In this way, we obtain a tower of field extensions

K = K ′0 ⊂ K ′1 ⊂ K ′2 ⊂ ... ⊂ K ′n ⊂ ..., (3.19)

with K ′∞ =
⋃
n≥0K

′
n.

Lemma 3.2.7. For each v ∈ |L|n with n ≥ 1, let {v0, v1, ..., vn = v} be the
sequence of vertices in the path of length n from v0 to v. Let K̃v denote the
compositum of the fields Kv for all v ∈ {v0, v1, ..., vn}. Then

K̃v = K(α1, α2, α3, {av}v∈{v2,...,vn}).

Proof. This is trivial for n = 1. Now assume inductively that the statement
holds for some n ≥ 1 and all v ∈ |L|n. Choose any v ∈ |L|n+1. We may apply
the inductive assumption to ṽ, since ṽ ∈ |L|n. We know that Ev is given by
a Weierstrass equation of the form (3.10) or (3.12) and is therefore defined
over K(av, av′). But avav′ is a coefficient of Eṽ, and so the only element that
we need to adjoin to K̃ṽ = K(α1, α2, α3, {au}u∈{v0,v1,...,vn−1=ṽ}) to obtain K̃v

is av. Moreover, av does lie in this extension, since −(av +av′) is a coefficient
in the equation for Ev and 2(2av′ + av) (resp. 2(av′ − 2av)) is a coefficient of
Eṽ if n = 1 (resp. n ≥ 2). Thus, we have proved the claim for n+ 1.

Proposition 3.2.8. a) For any n ≥ 1, K ′n = K({Ψ(v)}v∈|L|≤n\{v0}) for any
decoration Ψ on L.
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b) As in the statement of Theorem 3.2.1, K ′∞ = K({Ψ(v)}v∈|L|≥1
) for any

decoration Ψ on L.
(In particular, the extensions K({Ψ(v)}v∈|L|≤n\{v0}) and K({Ψ(v)}v∈|L|≥1

)
do not depend on the choice of decoration Ψ.)

Proof. Keeping in mind that K(av1 , av2 , av3) = K(α1, α2, α3), it follows di-
rectly from the definition of K ′n and the statement of Lemma 3.2.7 that

K ′n = K({av})v∈|L|≤n\{v0}), (3.20)

from which it follows that

K ′∞ = K({av}v∈|L|≥1
). (3.21)

Therefore, it suffices to show that for any decoration Ψ, K({Ψ(v)}v∈|L|n) =
K({av}v∈|L|n). Choose any decoration Ψ. By Definition 3.1.4(b), Ψ(v) = av
for any v ∈ |L|1, so the above claim is true for n = 1. Now assume inductively
that for some n ≥ 1, there is a permutation σ on |L|≤n which preserves
distances between vertices (in particular, it acts on each |L|i for 1 ≤ i ≤ n),
such that Ψ(v) = aσ(v) for all v ∈ |L|≤n. For any i ∈ {1, ..., n}, two vertices
in |L|i are of distance 2 apart if and only if they are twins, so it is clear that
σ(v′) = σ(v)′ for all v ∈ |L|≤n. Now choose any v ∈ |L|n+1. Since Ψ(v)
is a root of the quadratic polynomial x2 + 2(Ψ(ṽ) + 2Ψ((ṽ)′))x + Ψ(ṽ)2 =
x2 − 2(aσ(ṽ) + 2aσ(ṽ)′)x + a2

σ(ṽ) (resp. x2 + 2(Ψ((ṽ)′)− 2Ψ(ṽ))x + Ψ((ṽ)′)2 =

x2 − 2(aσ(ṽ)′ − 2aσ(ṽ))x + a2
σ(ṽ)′) if n = 1 (resp. n ≥ 2), there must exist

u ∈ |L|n+1 with ũ = σ(ṽ) such that Ψ(v) = au. Extend σ to a permutation
on |L|≤n+1 by assigning σ to take each v ∈ |L|n+1 to the vertex u obtained
in this way. Then this extension σ is clearly a permutation on |L|≤n+1, and
one can easily check that σ preserves distances between vertices. Therefore,
we have the equalities

K({Ψ(v)}v∈|L|n+1) = K({aσ(v)}v∈|L|n+1\{v0}) = K({av}v∈|L|n+1\{v0}), (3.22)

and we are done.

Proposition 3.2.9. With the above notation,
a) the isogeny φNv is defined over K(Nv), and Kv ⊆ K(Nv),
b) for all n ≥ 0, K ′n ⊆ Kn, and equality holds for n = 0, 1.
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Proof. First of all, for i ∈ Z/3Z, Ev(i) and φv(i) are defined over K(αi+1 −
αi, αi+2 − αi) = K(αi) = K1. This implies the equality in the n = 1 case of
the statament in part (b) (the equality in the n = 0 case is trivial). It also
proves part (a) for v ∈ |L|1, since K(Nv(i)) = K(αi) for all i ∈ Z/3Z.

Now assume inductively that for some n ≥ 1 and all v ∈ |L|n, φv is
defined over K(Nv) and Kv ⊆ K(Nv). Choose any v ∈ |L|n+1. We may
apply the inductive assumption to ṽ, since ṽ ∈ |L|n. Let P be a generator
of the cyclic order-2n+1 subgroup Nv. Then P has coordinates in K(Nv) and
φṽ is defined over K(Nṽ) ⊆ K(Nv), and it follows that φṽ(P ) = (av, 0) has
coordinates in K(Nv). Thus, av ∈ K(Nv). But avav′ is a coefficient of Eṽ
and Kṽ ⊆ K(Nṽ), so av′ ∈ K(Nv) also. By construction, φ−av ,av′−av ◦ t−av
is defined over K(av, av′), so φv = φ−av ,av′−av ◦ t−av ◦ φṽ is defined over
K(Nṽ)(av, av′) ⊆ K(Nv). Moreover, the Weierstrass equation (3.12) of Ev =
E ′−av ,av′−av has coefficients in K(av, av′) ⊆ K(Nv), and so Kv ⊆ K(Nv), thus
proving part (a).

Now part (a) and the fact that K ′n is the compositum of the fields Kv

for all v ∈ |L|≤n\{v0} imply that K ′n is contained in the compositum of the
extensions K(Nv) for all v ∈ |L|≤n\{v0}. Since {Nv}v∈|L|≤n is the set of all
cyclic subgroups of E[2n] and therefore generates E[2n], this compositum is
Kn. Thus, K ′n ⊆ Kn, which is the statement of (b).

Remark 3.2.10. Using Proposition 3.2.8(a) and Definition 3.1.4, one can
directly compute that a1,2a1,3 (or any of its conjugates) lies inK ′2, as is already
known from Theorem 2.4.1, Proposition 2.6.4, and Proposition 3.2.12 below,
and that a1,2a1,3 has a square root in K ′3. Then Proposition 3.2.9 implies that
K3 itself contains a square root of a1,2a1,3. In fact, it is possible to confirm
this using Theorem 1.2.3. With the notation of §2.5, one computes that the
square of the element (1− ζ4)−1(B3 −B′3)B2/(A1 − ζ4A3) ∈ K3 is

−ζ42−1(B3 −B′3)2B2
2/(A1 − ζ4A3)2

= 2−1(2A3(A1 − ζ4A3))(−A2ζ4(A3 + ζ4A1))/(A1 − ζ4A3)2

= A3A2(A1 − ζ4A3)2/(A1 − ζ4A3)2 = A3A2 = a1,2a1,3. (3.23)

3.2.2 The subfield fixed by the scalar subgroup

We now characterize the compositum of the fields of definition of these isoge-
nous elliptic curves as the fixed subextension of K∞/K corresponding to the
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scalar subgroup of G. In order to do so, we first want to determine how the
absolute Galois group of K acts on the av’s defined above. We will adopt the
following notation. The automorphism group GL(T2(E)) acts on the set of
rank-2 Z2-lattices in V2(E) by left multiplication, and this action stabilizes
|L|, since GL(T2(E)) fixes T2(E). (In fact, this action of GL(T2(E)) on L
is the action of AutZ2(T2(E)) ⊂ AutQ2(V2(E)) on the tree described in [25],
§1.2.) In particular, this action preserves adjacency of vertices, so each |L|n
is invariant under the action. We will denote the action of G ⊆ GL(T2(E))
on |L| by (s, v) 7→ s · v for an automorphism s and a vertex v. Note that
this action of G, when restricted to |L|≤n, factors through G � Ḡ(n). We
similarly denote the resulting action of Ḡ(n) on the induced subtree whose
set of vertices is |Λ|n by (s̄, v) 7→ s̄ · v for an automorphism s̄ and a vertex v.

For any Galois element σ ∈ Gal(K̄/K) and vertex v ∈ |L|, let vσ :=

ρ2(σ) · v. If v ∈ |L|≤n for some n ≥ 1, then let vσ|Kn = ρ̄
(n)
2 (σ) · v.

Lemma 3.2.11. For any σ ∈ Gal(K̄/K1) and v ∈ |L|, we have aσv = avσ . If

v ∈ |L|≤n, then a
σ|Kn
v = avσ|Kn .

Proof. Choose any σ ∈ Gal(K̄/K1). We will prove that aσv = avσ for all
v ∈ |L|n for each n ≥ 1. The claim is trivially true for n = 1. Moreover, in
the n = 1 case, ENv and φNv are clearly defined over K1 and are therefore
fixed by σ. In particular, for any v ∈ |L|1, aσv = avσ , Eσ

v = Evσ , and
φσv = φvσ . Now choose v ∈ |L|2. Then av is a nonzero root of (3.10), which
is the Weierstrass cubic for Eṽ. Let P be a generator of the cyclic order-4
subgroup Nv; then φṽ(P ) = (av, 0) ∈ Eṽ[2], by the above construction of av.
So we have

φṽ(P
σ) = φσṽ (P σ) = (φṽ(P ))σ = (aσv , 0). (3.24)

But P σ generates Nσ
v = Nvσ . Since ṽσ = ṽ, by the above construction, we

have φṽσ(P σ) = (avσ , 0). Then (3.24) implies that aσv = avσ .
Now assume inductively that for some n ≥ 2 and σ ∈ |L|n, aσv = avσ ,

Eσ
v = Evσ , and φσv = φvσ . Choose any v ∈ |L|n+1. We may apply the

induction assumption to ṽ, since ṽ ∈ |L|n. Then av is a nonzero root of the
cubic polynomial (3.12), which is the Weierstrass cubic for Eṽ. Let P be a
generator of the cyclic order-2n+1 subgroup Nv; then φṽ(P ) = (av, 0) ∈ Eṽ[2],
by the above construction of av. Then we have

φṽσ(P σ) = φσṽ (P σ) = (φṽ(P ))σ = (ασv , 0). (3.25)
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But since P σ generates Nσ
v = Nvσ , again we have φṽσ(P σ) = (avσ , 0). Then

(3.25) implies that aσv = avσ , and so the first statement is proved.
Now let v ∈ |L|≤n. Then av ∈ Kn by Proposition 3.2.9(b), and one easily

checks from the definitions that vσ = vσ|Kn for any σ ∈ Gal(K̄/K). Thus,
the second statement follows from the first.

Proposition 3.2.12. For all n ≥ 1, the image of Gal(Kn/K
′
n) (resp. of

Gal(K∞/K
′
∞)) under ρ̄

(n)
2 (resp. ρ2) coincides with the subgroup of scalar

automorphisms in G (resp. in Ḡ(n)).

Proof. Fix n ≥ 1. Since K ′n ⊇ K1 for each n ≥ 1, it suffices to consider the
Galois subgroup Gal(K ′n/K1) ⊆ Gal(Kn/K1). Proposition 3.2.7, with the
help of Lemma 3.2.5, implies that K ′n is generated over K1 by the elements
av for all v ∈ |L|≤n\{v0}. Therefore, the elements of Gal(K∞/K1) which
fix K ′n are exactly those which fix all of the elements av for v ∈ |L|≤n\{v0}.
By Lemma 3.2.11, these are the Galois elements which fix every vertex in
|L|≤n. It is easy to see that an element of GL(E[2n]) fixes every vertex in |L|n
if and only if it is a scalar automorphism. Thus, the image of Gal(Kn/K

′
n)

coincides with the subgroup of scalars, as desired. A similar argument proves
the analogous statement for Gal(K∞/K

′
∞).

Remark 3.2.13. Since each σ ∈ Gal(K̄/K) takes ζ8 to ζ
det(ρ̄

(3)
2 (σ))

8 , all scalar
automorphisms in G must fix ζ8. Thus, the above proposition implies that
K ′∞ contains the 8th roots of unity.

3.2.3 A general lemma

In order to finish proving Theorem 3.2.1, we need a lemma that gives a
generator for K∞ over K ′∞. We will prove a more general statement for the
Jacobian of the analogous hyperelliptic curve of any degree d ≥ 3, as it will
be used for the main result of the next chapter as well. To this end, in
Lemma 3.2.14 below as well as its proof, K, J , ρ2 : Gal(K̄/K)→ Sp(T2(J)),

K1, and ρ̄
(2)
2 are defined for any degree d ≥ 3 analogously to how they are

defined elsewhere in this chapter for d = 3. Again, let G be the image of
Galois under ρ2. We define K ′∞ to be the subextension of K∞/K fixed by
the scalar subgroup of G; when d = 3, Proposition 3.2.12 shows that this is
consistent with the notation used in the rest of this section.
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Note that, due to the Galois equivariance of the Weil pairing, the image
of Gal(K̄/K(µ2)) under ρ2 is G ∩ Sp(T2(J)), and K∞ ⊃ K(µ2). The ho-
momorphism ρ2 induces an isomorphism Gal(K∞/K)

∼→ G; if −1 ∈ G, we
denote the element of Gal(K∞/K) mapping to −1 via this isomorphism also
by −1 ∈ Gal(K∞/K).

The statement of the following lemma for d = 3, together with Lemma
3.2.8, gives the statement of Theorem 3.2.1.

Lemma 3.2.14. Choose i, j ∈ {1, 2, ..., d} with i 6= j. If d is odd, choose
an element ai,j ∈ K̄ whose square is αi − αj. Then with all of the above
notation, we have

K∞ = K ′∞(ai,j)(µ2). (3.26)

If −1 ∈ G, the Galois element −1 ∈ Gal(K∞/K) acts by fixing K ′∞(µ2) and
sending ai,j to −ai,j.

Proof. We first observe that by Galois equivariance, K∞ ⊃ K(µ2), and that
by Theorem 1.2.2, ai,j ∈ K2 ⊂ K∞. If the scalar subgroup of G is trivial,
then K∞ = K ′∞, and the claim is proved, so we assume that −1 ∈ G. Note
that by Galois equivariance, −1 fixes everything in K(µ2). So if we replace
K with K(µ2), it will suffice to assume that K contains all 2-power roots of
unity and to prove that K∞ = K ′∞(ai,j) and that −1 ∈ Gal(K∞/K) acts as
claimed.

Since K contains all 2-power roots of unity, G is contained in Sp(T2(J)).
But the only scalar automorphisms in Sp(T2(J)) are ±1, so the image under
ρ2 of Gal(K∞/K

′
∞) coincides with {±1} � G. It immediately follows that

K∞ is generated over K ′∞ by any element of K∞ which is not fixed by −1 ∈
Gal(K∞/K). Clearly, ρ̄

(2)
2 (−1|K2) = −1 ∈ Γ(2)/Γ(4). But setting n = 2 in

the statement of Proposition 3.2.12 implies that

Gal(K2/K
′
2) ∼= {±1} < Γ(2)/Γ(4), (3.27)

so any element in K2 \ K ′2 will not be fixed by −1. Theorem 2.4.1 and
Proposition 2.6.4 imply that ai,j ∈ K2 \ K ′2, so K∞ = K ′∞(ai,j). Moreover,
a2
i,j ∈ K1 ⊂ K ′∞, so −1 sends ai,j to −ai,j.
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3.3 Description of some subextensions

The constructions used in §3.2 to prove Theorem 3.2.1 may be used to obtain
additional results describing various subextensions of K∞/K. Throughout,
we will assume that we have chosen i, j ∈ {1, 2, 3} with i 6= j and an element
ai,j ∈ K̄ as in the statement of Theorem 3.2.1.

3.3.1 Extensions generated by x-coordinates

The following proposition characterizes certain subextensions of K∞/K in
terms of extensions of K generated by the x-coordinates of points in 2-power
torsion subgroups of E.

Proposition 3.3.1. With the above notation, assume that k is a subfield of
C. Write K(x(E[2n])) (resp. K(x(E[2∞]))) for the extension of K obtained
by adjoining the x-coordinates of all elements of E[2n] (resp. E[2∞]). Then

a) Kn = K(x(E[2n]))(ai,j) for all n ≥ 2;
b) K ′n(ζ2n) ⊆ K(x(E[2n])) for all n ≥ 1; and
c) K ′∞(µ2) = K(x(E[2∞])).

Proof. The Galois equivariance of the Weil pairing implies that Kn ⊃ K(ζ2n)
for each n ≥ 0 and that K∞ ⊃ K(µ2). For any n ≥ 1, the subgroup
of Gal(Kn/K) which fixes the x-coordinates of the points in E[2n] can be
identified with the elements of G ⊂ GL(T2(E)) which send each point P ∈
E[2n] either to P or to −P . The only such automorphisms in GL(T2(E)) are
the scalars±1. Thus, K(x(E[2n])) is the subextension ofKn corresponding to
the subgroup Ḡ(n)∩{±1}�Ḡ(n)∩SL(E[2n]), and similarly, K(x(E[2∞])) is the
subextension of K∞ corresponding to the subgroup G∩{±1}�G∩SL(T2(E)).
Part (b) now follows from the fact that, by Galois invariance and Proposition
3.2.12, K ′n(ζ2n) is the fixed field corresponding to the subgroup of scalars in
G∩SL(T2(E)), which contains G∩{±1}. Part (c) follows similarly. Note that
ai,j ∈ K2 by Theorem 1.2.2. Therefore, we already have part (a) if G∩{±1}
is trivial, so we assume that −1 ∈ G. Then Kn is a quadratic extension of
K(x(E[2n])), and a generator is any element in Kn which is not fixed by −1.
It follows from Theorem 2.4.1 and Proposition 2.6.4 that ai,j ∈ K2 ⊆ Kn is
not fixed by −1, hence the statement of part (a).
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3.3.2 Bounding each field of 2n-torsion

The description of K ′∞ given in the statement of Theorem 3.2.1 provides us
with recursive formulas for the generators of K ′n for each n ≥ 0. We will not
similarly obtain formulas for the generators of each extension Kn, but the
above results do give us a way of “bounding” each Kn, as follows.

Theorem 3.3.2. Assume that k is a subfield of C. For 1 ≤ i < j ≤ 3 and
each n ≥ 2,

K ′n(ai,j, ζ2n) ⊆ Kn ( K ′n+1(ai,j, ζ2n+1), (3.28)

where the first inclusion is an equality if and only if n = 2. Furthermore,
[Kn : K ′n(ai,j, ζ2n)] = 2 for n ≥ 3, and [K ′n+1(ai,j, ζ2n+1) : Kn] = 4 for n ≥ 2.

Proof. Fix n ≥ 2. Proposition 3.2.9(b) and the inclusion Kn ⊃ K(ζ2n) imply
that K ′n ⊂ Kn, and by Theorem 1.2.2, ai,j ∈ K2 ⊆ Kn, thus implying the first
inclusion. For n = 2, it has already been shown in the proof of Proposition
3.2.14 that the inclusion is an equality. Since ai,j /∈ K ′∞(µ2), it follows that
ai,j /∈ K(2m)′(ζ2m) for any positive integer m. Note that Proposition 3.2.12,
Corollary 2.3.3(b), and Lemma 2.6.1 imply that for n ≥ 3, Gal(Kn/K

′
n(ζ2n))

is identified with the subgroup {±1,±(2n−1 + 1)} � SL(E[2n]), which has
order 4. It follows that the degree of the first inclusion is 2 in this case.
Equivalently, for all n ≥ 2, Kn+1 ⊃ K ′n+1(ai,j, ζ2n+1) is an extension of degree

2. We have (via ρ̄
(n+1)
2 ) the following identifications:

Gal(Kn+1/K) ∼= G(2)/G(2n+1), (3.29)

Gal(Kn+1/K
′
n+1(ζ2n+1)) ∼= 〈−1, 2n + 1〉�G(2)/G(2n+1). (3.30)

These imply that Gal(Kn+1/K
′
n+1(ai,j, ζ2n+1)) is a subgroup of 〈−1, 2n+1〉 of

order 2. Since 2n + 1 fixes all of K2, which includes the element ai,j, we have
Gal(Kn+1/K

′
n+1(ai,j, ζ2n+1)) ∼= 〈2n + 1〉 � Γ(2)/Γ(2n+1). But this subgroup

also leaves Kn fixed, whence the second inclusion Kn ⊂ K ′n+1(ai,j, ζ2n+1).
The fact that [K ′n+1(ai,j) : Kn] = 4 follows quickly from the fact that
Gal(Kn+1/Kn) ∼= (G(n) ∩ SL(T2(E))/G(2n+1) ∩ SL(T2(E)) = Γ(2n)/Γ(2n+1)
is isomorphic to (Z/2Z)3 (see the proof of Corollary 2.2 of [22]) and therefore
has order 8.

63



3.4 Application to the Legendre family

In this section, we assume that k is a number field. Let Eλ be the elliptic
curve defined over k by the Weierstrass equation in Legendre form

y2 = x(x− 1)(x− λ) (3.31)

with λ ∈ k (see Chapter III §1 of [28]). We now apply Theorem 3.2.1 and its
proof to study the image of the natural 2-adic Galois action ρ2 : Gal(k̄/k)→
GL(T2(Eλ)) associated to Eλ.

For each finite prime p of k not lying over 2, we denote the correspond-
ing ring of integers by Rp ⊂ k, and denote the fraction field of a strict

Henselization of Rp by kalg
p . The field kalg

p may be more explicitly described
as consisting of the elements of the completion of k with respect to v which
are algebraic over k. Let vp : (kalg

p )× → Z be the (normalized) valuation

corresponding to p, and let π be a uniformizer of kalg
p , so vp(π) = 1. For each

z ∈ k̄, we write vp(z) for the image of z under the extension of vp to kalg
p (z).

It is clear that since p does not lie over 2, for any n ≥ 1, any algebraic
extension of kalg

p of degree 2n is totally tamely ramified and is of the form

kalg
p (π1/2n). Moreover, since kalg

p is strictly Henselian, it contains all 2-power

roots of each u ∈ kalg
p such that vp(u) = 0; in particular, kalg

p contains all
2-power roots of unity.

Now we consider Eλ as an elliptic curve over kalg
p , determine the extension

kalg
p (Eλ[2

∞]), and describe the image under ρ2 of Gal(k̄/kalg
p ).

Proposition 3.4.1. With the above notation, let m = max(vp(λ), vp(λ− 1))
and assume that m > 0. Then we have the following.

a) For each n ≥ 1, we have kalg
p (Eλ[2

n]) = kp(π
m/2n−1

).
b) There is an element a ∈ T2(Eλ) whose image modulo 2 is (1, 0) ∈ Eλ[2]

(resp. (0, 0) ∈ Eλ[2]) if vp(λ) > 0 (resp. if vp(λ − 1) > 0) such that the

image under ρ2 of Gal(k̄/kalg
p ) is generated by T 2m

a ∈ SL(T2(Eλ)), where the
transvection Ta acts by b 7→ b+ e2(b, a)a for all b ∈ T2(Eλ).

Proof. We assume that m = vp(λ) > 0, so vp(λ − 1) = 0; the case that
m = vp(λ − 1) > 0 and vp(λ) = 0 is proved similarly. Let (α1, α2, α3) =
(1, 0, λ), so that Eλ is defined by the equation y2 = (x−α1)(x−α2)(x−α3).
We define the corresponding tree L as in §3.1.2. Let Ψ be a decoration on
L as in §3.1.3. We claim that for each n ≥ 1, there is a vertex v ∈ |L|n
such that kalg

p (Ψ(v)) = kalg
p (πm/2

n−1
). We prove this claim by induction on
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n. Indeed, for any vertex v ∈ |L|1, kalg
p (Ψ(v)) = kalg

p , so the claim is true
for n = 1. Moreover, for either vertex v ∈ |L|2 such that Ψ(ṽ) = λ − 1, we
have kalg

p (Ψ(v)) = kalg
p (
√
λ) = kalg

p (πm/2), and so the claim is true for n = 2.

Moreover, note that in this case, vp(Ψ(v)) = vp(Ψ(v′)) = vp(−(1+λ)±2
√
λ) =

0, and vp(Ψ(v) − Ψ(v′)) = vp(±4
√
λ) = m/2. Now assume that for some

n ≥ 2, there is a vertex v ∈ |L|n such that kalg
p (Ψ(v)) = kalg

p (πm/2
n−1

),
vp(Ψ(v)) = vp(Ψ(v′)) = 0, and vp(Ψ(v)−Ψ(v′)) = m/2n−1. Let u be a vertex
in |L|n+1 such that v = ũ. Since Ψ(u) is a root of the quadratic polynomial
in (3.4), using the inductive assumption, we have

vp(Ψ(u)−Ψ(u′)) = vp(±4
√
−Ψ(v)(Ψ(v′)−Ψ(v)))

= (vp(Ψ(v)) + vp(Ψ(v)−Ψ(v′)))/2 = m/2n, (3.32)

and it follows that,

kalg
p (Ψ(u)) = kalg

p (
√
−Ψ(v)(Ψ(v′)−Ψ(v))) = kalg

p (πm/2
n

). (3.33)

Moreover, by the inductive assumption,

vp(Ψ(u)) = vp(Ψ(u′)) = vp(Ψ(v)−(Ψ(v′)−Ψ(v))±2
√
−Ψ(v)(Ψ(v′)−Ψ(v)))

= min(vp(Ψ(v)), vp(Ψ(v)−Ψ(v′)), vp(
√
−Ψ(v)(Ψ(v′)−Ψ(v))) = 0. (3.34)

This proves the claim for all n ≥ 1.
We also claim that for each n ≥ 1 and every vertex v ∈ |L|n, we

have kalg
p (Ψ(v)) ⊆ kalg

p (πm/2
n−1

). Indeed, as above, this is true for n = 1,
and the claim for all n ≥ 1 follows from the fact that if v ∈ |L|≥2, then
kalg
p (Ψ(v)) is clearly an extension of degree at most 2 over kalg

p (Ψ(ṽ)). Thus,

kalg
p ({Ψ(v)}v∈|L|≤n\{v0}) = kalg

p (πm/2
n−1

). Applying Proposition 3.3.2, we have

kalg
p (πm/2

n−1

) ⊆ kalg
p (Eλ[2

n]) ⊆ kalg
p (πm/2

n

). (3.35)

Moreover, for n = 1, as above we have kalg
p (Eλ[2]) = kalg

p (πm/2
n−1

). Sup-

pose that kalg
p (Eλ[2

n]) = kalg
p (πm/2

n
) for some n ≥ 2. Then there is some

positive integer m ≤ n − 1 such that kalg
p (Eλ[2

m+1])/kalg
p (Eλ[2

m]) is a cyclic
extension of degree ≥ 4. This is impossible, since Corollary 2.3.3(b) im-
plies that Gal(kalg

p (Eλ[2
m+1])/Gal(kalg

p (Eλ[2
m]) is isomorphic to a subgroup

of Γ(2m)/Γ(2m+1) ∼= (Z/2Z)3. Therefore, kalg
p (Eλ[2

n]) = kalg
p (πm/2

n−1
) for

each n ≥ 1, which is the statement of (a).
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In order to prove (b), we first show that there exists a non-backtracking
infinite path {v0, v1, v2, ...} such that Ψ(vi) ∈ kalg

p for i = 1, 2, 3, .... Let

v1 be the vertex in |L|1 such that Ψ(v1) = −λ ∈ kalg
p . Then clearly the

values of Ψ(u) for the two vertices u ∈ |L|2 such that v1 = ũ are −λ +
2 ± 2

√
1− λ. Since vp(2

√
1− λ) = 0, it is clear that for at least one such

vertex u, vp(Ψ(u)) = 0. Let v2 be this vertex, and note that Ψ(v2) ∈ kalg
p

and vp(Ψ(v2)) = vp(Ψ(v2) − Ψ(v′2)) = 0. Now assume inductively that for
some n ≥ 0, we have a non-backtracking path {v0, v1, v2, ..., vn} such that
Ψ(vi) ∈ kalg

p for i = 1, 2, ..., n and vp(Ψ(vi)) = vp(Ψ(vi) − Ψ(v′i)) = 0. It is
clear that the values of Ψ(u) for the two vertices u ∈ |L|n+1 such that vn = ũ
are Ψ(vn)−(Ψ(v′n)−Ψ(vn))±2

√
−Ψ(vn)(Ψ(v′n)−Ψ(vn)). Since the inductive

assumption implies that vp(2
√
−Ψ(vn)(Ψ(v′n)−Ψ(vn))) = 0, it is clear that

for at least one such vertex u, vp(Ψ(u)) = 0. Let vn+1 be this vertex; one

checks again that Ψ(vn+1) ∈ kalg
p and vp(Ψ(vn+1)) = vp(Ψ(vn+1)−Ψ(v′n+1)) =

0. In this way, we construct the desired infinte path {v0, v1, v2, ...}.
Now there is a corresponding sequence of embedded subgroups {0} <

N1 < N2 < ... of Eλ(k̄) such that each Ni is the cyclic subgroup of or-
der 2i corresponding to vi. One checks using Theorem 2.4.1 (with Proposi-
tion 2.6.4) that the image of Gal(k̄/kalg

p ) does not contain the scalar −1 ∈
SL(T2(Eλ)). It then follows from the above discussion and from Lemma 3.2.11
that Gal(k̄/kalg

p ) fixes each of these subgroups elementwise. The subgroupsNi

induce a cyclic Z2-submodule N of T2(Eλ). It is clear that the reduction mod-
ulo 2 of N is N1, which is 〈(0, 1)〉 < Eλ[2] since Ψ(v1) = −λ. Let a ∈ T2(Eλ)
be a generator of N ; clearly, the image of a modulo 2 is (0, 1) ∈ Eλ[2]. Since
the image of Gal(k̄/kalg

p ) in SL(T2(Eλ)) acts trivially on 〈a〉 ⊂ T2(Eλ), it must
be generated by some power of the transvection Ta. Let s be the greatest
integer such that 2s|m. Since kalg

p (Eλ[2
s+2]) = kalg

p (πm/2
s+1

) = kalg
p (π1/2) is

quadratic over kalg
p , the Galois image modulo 2s+1 must be an order-2 sub-

group of SL(Eλ[2
s+2]). It follows that the Galois image is generated by T 2s+1

a .
Since 〈T 2s+1

a 〉 = 〈T 2m
a 〉 ⊂ T2(Eλ), the statement of (b) is proved.

Remark 3.4.2. The j-invariant of Eλ is 28(λ2 − λ + 1)3/λ2(λ − 1)2; thus,
vp(j(Eλ)) < 0. The hypotheses of Proposition 3.4.1 therefore imply that
Eλ has multiplicative reduction at p. Then in this case, one may use the
theory of Tate curves to show that the Galois image contains a power of a
transvection as in the statement of Proposition 3.4.1 (this is Exercise 5.13(b)
of [27] with ` = 2; see also [24], A.1.5).
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Proposition 3.4.3. Let Eλ be the elliptic curve over k defined by the equa-
tion y2 = x(x−1)(x−λ) with λ ∈ k. Let p and p′ be primes of k which do not
lie over 2, and let vp, vp′ : k× → Z be the respective (normalized) valuations.
Suppose that m := vp(λ) > 0 and m′ := vp′(λ − 1) > 0, and let s and s′ be
the greatest integers such that 2s|m and 2s

′ |m′. Then the image under ρ2 of
Gal(k̄/k) contains Γ(2s+s

′+2)� SL(T2(Eλ)); in particular, G∩ SL(T2(Eλ)) is
open with finite index in SL(T2(Eλ)).

Proof. Define the algebraic extensions kalg
p , kalg

p′ ⊃ k as above. Then since k ⊂
kalg
p , kalg

p′ , the image under ρ2 of Gal(k̄/k) contains the images of Gal(k̄/kalg
p )

and of Gal(k̄/kalg
p′ ) in SL(T2(Eλ)). Proposition 3.4.1 says that there is some

a ∈ T2(Eλ) whose image modulo 2 is (1, 0) ∈ Eλ[2], and some a′ ∈ T2(Eλ)
whose image modulo 2 is (0, 0) ∈ Eλ[2], such that the images of Gal(k̄/kalg

p )

and of Gal(k̄/kalg
p′ ) are generated by T 2s+1

a and T 2s
′+1

a′ respectively. Clearly
a, a′ ∈ T2(Eλ) are independent, because their images modulo 2 are distinct
elements of order 2 in Eλ[2]. Thus, with respect to the Z2-basis {a, a′} of

T2(Eλ), the cyclic subgroups of SL(T2(Eλ)) generated by T 2s+1

a and T 2s
′+1

a′

are generated by the matrices

[
1 2s+1

0 1

]
and

[
1 0

2s
′+1 1

]
respectively. The

proposition then follows from the elementary lemma below.

Lemma 3.4.4. Let n, n′ ≥ 0 be integers. The subgroup of SL2(Z2) generated

by the matrices A :=

[
1 2n

0 1

]
and A′ :=

[
1 0

2n
′

1

]
contains Γ(2n+n′)�SL2(Z2).

Proof. It suffices to show that the images of A and A′ modulo 2r generate
a subgroup of SL2(Z/2rZ) containing Γ(2n+n′)/Γ(2r) for each r ≥ n + n′.
This is trivially true for r = n+ n′. Assume inductively that this statement
holds for some r ≥ n + n′. Note that the surjectivity of each reduction-
modulo-2i map SL2(Z2) → SL2(Z/2iZ) (see Theorem 7.12 of [21]) implies
that the obvious map SL2(Z/2r+1) → SL2(Z/2r) is surjective. Thus, to
prove the statement for r + 1, it will suffice to show that the subgroup of
SL(Z/2r+1Z) generated by the images of A and A′ contains Γ(2r)/Γ(2r+1).
Straightforward calculations show that the images modulo 2r+1 of A2r−n ,

(A′)2r−n
′
, and (AA′A−1A′−1)r−n−n

′
generate Γ(2r)/Γ(2r+1), as desired.
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Example 3.4.5. We compute the 2-adic image of Gal(k̄/k(µ2)) for the el-
liptic curve E7 : y2 = x(x− 1)(x− 7) over k = Q as follows.

We apply Proposition 3.4.3, with λ = 7, p = (7), and p′ = (3). Since
7 and 3 respectively divide λ = 7 and λ − 1 = 6 exactly once, we have
s = s′ = 0, and the proposition shows that G ∩ SL(T2(E7)) contains Γ(4).
We will therefore be able to fully describe G ∩ SL(T2(E7)) once we have
determined its image modulo 4.

From the proof of Proposition 3.4.3, we see that G∩SL(T2(E7)) contains
transvections T 2

a and T 2
a′ for some a, a′ ∈ T2(E7) whose images modulo 2

are the points (1, 0), (0, 0) ∈ E7[2]. The images modulo 4 of these transvec-
tions generate a subgroup of order 4 of Γ(2)/Γ(4) � SL(E7[4]). Meanwhile,
Theorem 1.2.2(a) shows that Q(E7[4]) = Q(ζ4,

√
6,
√

7), which is Galois over
Q(ζ4) with degree 4. Therefore, the image modulo 4 of G∩ SL(T2(E7)) coin-
cides with the subgroup of Γ(2)/Γ(4) generated by the images of these two
transvections. Thus, the image of Gal(Q̄/Q(µ2)) is isomorphic to

{
[
a b
c d

]
∈ SL2(Z2) | a ≡ d ≡ 1 (mod 4), b ≡ c ≡ 0 (mod 2)},

via any Z2-basis of T2(E7) whose image modulo 2 is the Z/2Z-basis {(1, 0), (0, 0)}
of E7[2].
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Chapter 4

Dyadic torsion of 2-dimensional
hyperelliptic Jacobians

Throughout this chapter, as in Chapter 3, k is any field of characteristic
different from 2. Fix an integer d ≥ 3; let α1, α2, ..., αd be transcendental
and independent over k; and let K be the subfield of k({αi}di=1) generated
over k by the symmetric functions of the αi’s. Again, let C be a smooth
projective model of the hyperelliptic curve over K given by the equation in
(3.1), and let J be its Jacobian. The main goal of this chapter is to describe
generators of the extension of K over which all 2-power torsion is defined
when d = 5 or d = 6 – that is, when the genus is g = 2.

In the following section, we will construct a 15-regular tree associated
to J and develop the notion of a “decoration” on a 15-regular tree which
will be needed to state the main result; this is somewhat analogous to the
3-regular tree and “decoration” developed in Chapter 3. The main result
(Theorem 4.2.1) will be stated and proved in §4.2. In §4.3, we will apply the
constructions developed in §4.2 to obtain Proposition 4.3.1.

4.1 Construction of decorations for genus 2

4.1.1 Preliminary results on the Weil pairing

Before constructing the desired 15-regular tree associated to J , we state and
prove some technical lemmas involving the Weil pairing on Jacobian surfaces.
In this subsection, we will drop the assumption that d = 5 or d = 6, so that
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J is the Jacobian of a hyperelliptic curve of any (positive) genus g. Let T2(J)
denote the 2-adic Tate module of J , and let V2(J) = T2(J)⊗Q2. Then V2(J)
is a 2g-dimensional vector space over Q2 which contains the rank-2g Z2-lattice
T2(J). We denote the Weil pairing on T2(J) by e2 : T2(J)× T2(J)→ T2(µ),

and for each n ≥ 0, we write ē
(n)
2 : J [2n] × J [2n] → µ2n for the Weil pairing

on J [2n]. Below we will freely use a well-known identity of the Weil pairing
([13], Lemma 16.1): for n ≥ m and P,Q ∈ J [2n],

ē
(n)
2 (P,Q) = ē

(m)
2 (2n−mP, 2n−mQ). (4.1)

For any n ≥ 0, we say that a subgroup N < J [2n] is Weil isotropic if

ē
(n)
2 (P,Q) = 1 for all P,Q ∈ N , and that it is maximal Weil isotropic if it is

not properly contained in any other Weil isotropic subgroup of J [2n]. More
generally, for any module over any ring which is equipped with an alternating
bilinear pairing, we define “isotropic” and “maximal isotropic” similarly.

Lemma 4.1.1. Let M be a free module of (finite) even rank 2m over a
finite commutative ring Σ, equipped with a nondegenerate alternating bilinear
pairing e : M × M → Σ. Then an isotropic submodule of M is maximal
isotropic if and only if it has cardinality |Σ|m.

Proof. Let N be an isotropic submodule of M , and let

N⊥ = {µ ∈M | e(µ, ν) = 0 ∀ν ∈ N}.

Since N is isotropic, N ⊆ N⊥. Clearly, N is a maximal isotropic submodule
if and only if N = N⊥; thus, it suffices to show that |N⊥| = |M |/|N | =
|Σ|2m/|N |.

Define a map from M to its dual space M∗ given by µ 7→ e(µ, ·). Since
e is nondegenerate, this is an isomorphism. Moreover, it maps N⊥ to the
submodule {α ∈ M∗ | α(N) = 0} ∼= (M/N)∗, which has cardinality |M/N |.
Thus, N⊥ has cardinality equal to |M |/|N |, as desired.

Lemma 4.1.2. Let M be a vector space of dimension 4 over F2, equipped
with a nondegenerate alternating bilinear pairing e : M ×M → F2. Then M
has exactly 15 maximal isotropic subspaces.

Proof. This is well known and can be proved using elementary methods, for
instance, choosing a symplectic basis of M and checking all subspaces of
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dimension 2. Alternately, one can prove the lemma in the case of M = J [2]
by noting that, as in the proof of Proposition 4.1.11(a), there are exactly 15
permutation equivalence class representatives R ∈ R with |R| = B, which
are in one-to-one correspondence with the maximal Weil isotropic subgroups
of J [2] as a result of Proposition 4.1.4.

Lemma 4.1.3. Let J be the Jacobian of a curve, whose principal polariza-
tion determines a Weil pairing e2 : T2(J)×T2(J)→ T2(µ). Let J ′ be another
abelian variety, and let φ : J → J ′ be an isogeny whose kernel is a max-
imal Weil isotropic subgroup of J [2]. Then J ′ has a principal polarization
which determines a Weil pairing e′2 : T2(J ′) × T2(J ′) → T2(µ) such that
e′2(φ(P ), φ(Q)) = e2(P,Q)2 for all P,Q ∈ T2(J).

Proof. Let λ : J
∼→ J∨ be the canonical principal polarization on J , and let

φ∨ : (J ′)∨ → J∨ be the dual isogeny corresponding to φ. Then Proposition
16.8 of [13], applied to the polarization 2λ, shows that J ′ has a polarization
λ′ : J ′ → (J ′)∨ such that φ∨ ◦ λ′ ◦ φ = 2λ. By comparing degrees with the
help of Lemma 4.1.1, we see that λ′ is a principal polarization. Then by
Lemma 16.2(c) of [13],

e′2(φ(P ), φ(Q)) = e2(P, λ−1(φ∨ ◦ λ′ ◦ φ(Q))) = e2(P, 2Q) = e2(P,Q)2. (4.2)

Lemma 4.1.4. Let J be the Jacobian of the hyperelliptic curve C defined
over K by (3.1), where the degree is any integer d ≥ 3. With notation as
in Proposition 1.2.1, let P, P ′ ∈ J [2] be represented by divisors eU and eU ′
respectively, where U and U ′ are even-cardinality subsets of the set of branch
points B of C. Then ē

(1)
2 (P, P ′) = (−1)|U∩U

′| ∈ µ2.

Proof. First assume that U and U ′ are disjoint; we will show that ē
(1)
2 (P, P ′) =

1. If one of these sets is empty, say U , then P = 0 ∈ J [2] and ē
(1)
2 (P, P ′) = 1

and we are done, so assume that U and U ′ are both nonempty. If U∪U ′ = B,
then P = P ′ by Proposition 1.2.1(a), and ē

(1)
2 (P, P ′) = 1 and we are done.

Now assume that U ∪ U ′ ( B, and let β ∈ P1
K̄
\ {∞} be a branch point in

B\(U∪U ′). Then if d is odd (resp. if d is even), |U ′|(∞)−|U ′|(β, 0) ∈ Div0(C)

(resp. |U
′|

2
(∞1) + |U ′|

2
(∞2)− |U ′|(β, 0) ∈ Div0(C)) is the principal divisor of

the function (x − β)−|U
′|/2 ∈ K̄(C); adding this principal divisor to eU ′ , we
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see that P ′ is represented by the divisor DP ′ :=
∑

α′∈U ′(α, 0) − |U ′|(β, 0) ∈
Div0(C). Now it is clear that DP := eU and DP ′ are divisors representing
P and P ′ respectively which have disjoint support. It is then shown in [11]

(VI, §4, Theorem 12) that ē
(1)
2 (P, P ′) may be determined as follows. Let fP

and fP ′ be functions in K̄(C) whose principal divisors are 2DP and 2DP ′

respectively; then

ē
(1)
2 (P, P ′) =

fP (DP ′)

fP ′(DP )
, (4.3)

where the evaluation of a function in K̄(C) at a divisor in Div0(C) is defined
multiplicatively. One checks that we may take fP =

∏
α∈U(x − α) and

fP ′ = (x− β)−|U
′|/2∏

α′∈U ′(x− α′). Then we compute

ē
(1)
2 (P, P ′) =

∏
α∈U,α′∈U ′(α

′ − α)
∏

α∈U(β − α)−|U
′|/2∏

α′∈U ′,α∈U(α− α′)
∏

α∈U(α− β)−|U ′|/2
= 1 = (−1)|U∩U

′|.

(4.4)
Now suppose that U and U ′ are nonempty subsets whose intersection has

even cardinality. Let U ′′ = U∩U ′, and let P ′′ ∈ J [2] be the point represented
by the divisor eU ′′ ∈ Div0(C). Clearly P − P ′′ and P ′ − P ′′ are represented
by eU\U ′ and eU ′\U ′′ respectively; note that the sets U \ U ′′, U ′ \ U ′′, and
U ′′ are mutually disjoint. Using what we have shown above, we see that
ē

(1)
2 (P −P ′′, P ′−P ′′) = ē

(1)
2 (P −P ′′, P ′′) = ē

(1)
2 (P ′′, P ′−P ′′) = ē

(1)
2 (P ′′, P ′′) =

1. Then by bilinearity of ē
(1)
2 ,

ē
(1)
2 (P, P ′) = ē

(1)
2 ((P − P ′′) + P ′′, (P ′ − P ′′) + P ′′) = 1 = (−1)|U∩U

′|. (4.5)

Finally, suppose that U and U ′ are nonempty subsets whose intersection
has odd cardinality. Assume further that ē

(1)
2 (P, P ′) = 1. One checks that

for any other subset U ′′ ⊂ B such that |U ∩U ′′| is odd, |U ∩(U ′◦U ′′)| is even,
where U ′ ◦ U ′′ denotes the symmetric difference of U ′ and U ′′. Note that if
P ′′ ∈ J [2] is the point represented by eU ′′ , then P ′+P ′′ ∈ J [2] is represented

by eU ′◦U ′′ . Then, by bilinearity, and the fact that ē
(1)
2 (P, P ′ + P ′′) = 1 since

|U ∩ (U ′ ◦ U ′′)| is even, we have ē
(1)
2 (P, P ′′) = 1. Since U ′′ was chosen to be

an arbitrary subset whose intersection with U has odd cardinality, it follows
that ē

(1)
2 (P,Q) = 1 for any Q ∈ J [2], which contradicts the nondegeneracy

of the Weil pairing. Thus, ē
(1)
2 (P, P ′) = −1 = (−1)|U∩U

′|, and the statement
is proved for all cases.
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4.1.2 Equivalence classes of isotropic rank-4 Z2-lattices

We return to the assumption that the degree of the hyperelliptic curve C is
d = 5 or d = 6, so that C has genus g = 2 and its Jacobian J is an abelian
surface. We define the graph L as in §3.1.1. Again, the equivalence class in
L of a lattice Λ will be denoted [Λ], and we let Λ0 = T2(J). Proposition 3.1.1
furnishes a bijection between the vertices of L and the finite subgroups of
J [2∞] which do not contain all of J [2]. Now we define S to be the induced
subgraph of L whose set of vertices |S| ⊂ |L| consists of all vertices mapping
under this bijection to subgroups of J [2∞] which are maximal Weil isotropic
in J [2n] for some n ≥ 0.

In order to prove our result on the structure of S (Proposition 4.1.6), we
first need a lemma.

Lemma 4.1.5. Let v be a vertex of S; let Nv be the subgroup of J [2∞]
corresponding to it as in Proposition 3.1.1; and let m(v) be the (unique)
integer such that Nv < J [2m(v)] is maximal Weil isotropic. Let v′ be a vertex
adjacent to v, and let Nv′ and m(v′) be defined similarly. Then,

a) Nv has rank 2 or 3; and
b) either m(v′) = m(v) + 1 and Nv′ > Nv, or m(v′) = m(v) − 1 and

Nv′ < Nv. In either case, the induced quotient is isomorphic to Z/2Z⊕Z/2Z.

Proof. Since J [2m(v)] is a free Z/2m(v)Z-module of rank 4, Nv may be viewed
as a Z/2m(v)Z-module of rank at most 4. By Lemma 4.1.1, the order of Nv

is 22n, which forces the rank to be at least 2. If the rank of Nv were equal to
4, Nv would contain J [2], so the rank is 2 or 3, which is the statement of (a).

Let Λ′ and Λ be lattices representing v′ and v respectively such that one
lattice is contained in the other with quotient isomorphic to Z/2Z ⊕ Z/2Z.
Then, after possibly replacing Λ′ with 2−1Λ′ and then possibly multiplying
both lattices by a suitable scalar, one can assume that Λ contains Λ0 but
not 2−1Λ0 and that Λ′ > Λ with Λ′/Λ ∼= Z/2Z⊕Z/2Z. The latter condition
implies that Λ′ does not contain 2−1Λ. Clearly 2m(v)+1 kills both Λ/Λ0 and
Λ′/Λ0, and as in the proof of Proposition 3.1.1(b), each may be identified with
a subgroup of J [2m(v)+1]. As in the proof of Proposition 3.1.1(b), Λ/Λ0

∼=
Nv < J [2m(v)]; meanwhile, we denote the subgroup of J [2m(v)+1] identified
with Λ′/Λ0 by N ′. Then N ′ < J [2m(v)+1] is a subgroup containing Nv <
J [2m(v)] with N ′/Nv

∼= Z/2Z⊕ Z/2Z.
If N ′ does not contain J [2], then clearly N ′ = Nv′ and m(w) = m(w̃) + 1.

To prove (b), it suffices to prove that if N ′ does contain J [2], then m(w) =
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m(w̃)− 1, and Nv′ < Nv with quotient isomorphic to Z/2Z⊕Z/2Z. Indeed,
2N ′ < Nv since N ′/Nv has exponent 2. Then 2N ′ cannot contain J [2] since
Nv does not, so 2Λ′ does not contain 2−1Λ0. Thus, 2Λ′ is the unique lattice
representing v′ which contains Λ0 but not 2−1Λ0. Then by the definition of S,
2N ′ must be maximal Weil isotropic in J [2m] for some m ≥ 0; i.e. 2N ′ = Nv′ .
Since |2N ′| = |N ′|/|J [2]| = 22(m(v)−1), it follows from Lemma 4.1.1 that
Nv′ = 2N ′ is maximal Weil isotropic in J [2m(v)−1], so m(v′) = m(v) − 1.
Moreover, the fact that N ′/Nv

∼= Z/2Z⊕Z/2Z and N ′/Nv′ = N ′/2N ′ ∼= J [2]
implies that Nv/Nv′

∼= Z/2Z⊕ Z/2Z, as desired.

Proposition 4.1.6. With the above definition, S is a connected, 15-regular
graph.

Proof. We first show that S is connected by proving that for any vertex
v ∈ |S|, there is a path from v to the root v0. This is trivially true for v = v0.
For any vertex v ∈ |S|, let Nv be the subgroup corresponding to it in the
definition of S, and let m(v) be the (unique) integer such that Nv < J [2m(v)]
is a maximal Weil isotropic subgroup not containing J [2]. Choose a vertex
v 6= v0, and assume inductively that the claim holds for n = m(v) − 1. By
Lemma 4.1.5, Nv has rank 2 or 3. If the Nv has rank 2, then Nv is generated
by two elements P1 and P2 each of order 2m(v), and we define the subgroup
N ′ < Nv to be 〈2P1, 2P2〉. If Nv has rank 3, then some element of Nv has

order 2m(v); otherwise ē
(m(v))
2 (P,Q) = 1 for all P ∈ Nv and all Q ∈ J [2], and

by maximality, Nv would contain J [2]. We assume without loss of generality
that Nv is generated by elements P1, P2, and P3, where P1 has order 2m(v);
in this case we define the subgroup N ′ < Nv to be 〈2P1, 2P2, P3〉. In either
case, we have N ′ < J [2m(v)−1]. It is easy to show that N ′ is Weil isotropic
in J [2m(v)−1] using the identity in (4.1). Moreover, in either case, N ′ has
order 22(m(v)−1), so Lemma 4.1.1 implies that N ′ is a maximal Weil isotropic
subgroup of J [2m(v)−1] and represents a vertex v′ ∈ |S|. Since in either case,
N ′ < Nv and Nv/N

′ ∼= Z/2Z⊕ Z/2Z, v′ is connected to v by an edge. Then
by the inductive assumption, there is a path from v′ to v0, and so there is
also a path from v to v0. Thus, S is connected.

We now prove that S is 15-regular. First of all, Lemma 4.1.2 implies that
there are exactly 15 maximal Weil isotropic subgroups of J [2], which implies
that there are exactly 15 vertices adjacent to v0. Now let v be any vertex
different from v0, and let Nv be the corresponding maximal Weil isotropic
subgroup of J [2m(v)] not containing J [2]. Lemmas 4.1.1 and 4.1.3 imply
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that a subgroup N ′ < J [2m(v)+1] containing Nv is maximal Weil isotropic
if and only if N ′/Nv is a maximal Weil isotropic subgroup of (J/Nv)[2].
Since Lemma 4.1.2 implies that there are exactly 15 maximal Weil isotropic
subgroups of (J/Nv)[2], it follows that there are exactly 15 maximal Weil
isotropic subgroups of J [2m(v)+1] which contain Nv.

It will now suffice to produce a bijection between the vertices adjacent
to v and the 15 maximal Weil isotropic subgroups of J [2m(v)+1] contain-
ing Nv. Suppose that v′ is a vertex adjacent to v, and let Nv′ and Nv be
the subgroups of J [2∞] corresponding to v′ and v respectively via Theo-
rem 3.1.1(b). Let m(v) be the (unique) integer such that Nv < J [2m(v)]
is maximal Weil isotropic. Then Lemma 4.1.5 implies that Nv′ is a max-
imal Weil isotropic subgroup either of J [2m(v)+1] or of J [2m(v)−1]. In the
former case, let N ′ = Nv′ , and in the latter case, let N ′ = 2−1Nv′ , as in
the proof of Lemma 4.1.5(b)). In either case, we claim that N ′ < J [2m(v)+1]
is Weil isotropic. Indeed, this is true by construction if N ′ = Nv′ , and if
N ′ = 2−1Nv′ , then for any P,Q ∈ N ′, one easily shows using the identity
(4.1) that ē

(m(v)+1)
2 (P,Q) = ē

(m(v)−1)
2 (2P, 2Q) = 1. By checking the order of

N ′ and applying Lemma 4.1.1, we verify that N ′ is a maximal Weil isotropic
subgroup of J [2m(v)+1]. As in the proof of Lemma 4.1.5(b), N ′ > Nv.

Now assume conversely that N ′ is a maximal Weil isotropic subgroup of
J [2m(v)+1] which contains Nv. Again, Lemmas 4.1.1 and 4.1.3 imply that
N ′/Nv is a maximal Weil isotropic subgroup of (J/Nv)[2]. Any nontrivial
subgroup of (J/Nv)[2] has exponent 2, so N ′/Nv

∼= Z/2Z ⊕ Z/2Z. By an
argument similar to the one used in the proof of Lemma 4.1.5, if N ′ > J [2],
then 2N ′ < Nv and Nv/2N

′ ∼= Z/2Z ⊕ Z/2Z. Now if N ′ does not contain
J [2] (resp. if N ′ contains J [2]), by the construction used in the proof of
Proposition 4.1.1(b), N ′ and Nv (resp. 2N ′ and Nv) correspond to lattices
Λ′ and Λ each containing Λ0 but not 2−1Λ0, and Λ′ > Λ (resp. Λ > Λ′) with
quotient isomorphic to Z/2Z⊕Z/2Z. Then by the definition of S, the vertex
v′ ∈ |S| represented by Λ′ is adjacent to v, and we are done.

Remark 4.1.7. a) The graph S is not simply connected; in particular, there
exist vertices in |S|2 with two distinct simple paths to the root. Assume
{P1, P2, Q1, Q2} is a symplectic basis of the free Z/4Z-module J [4], and con-
sider, for example, the vertex corresponding to the maximal Weil isotropic
subgroup N := 〈2P1, P2, 2Q1〉 < J [4]. Then 〈2P1, 2P2〉 and 〈2P2, 2Q1〉 are
distinct maximal Weil isotropic subgroups of J [2] which are both contained
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in N with quotient isomorphic to Z/2Z⊕ Z/2Z.
b) A graph can be constructed for a Jacobian of any dimension g in an

analogous manner to S. In general, the graph is still connected and regular,
but is only simply connected if g = 1 (in which case it is the tree L from
Chapter 3).

4.1.3 A 15-regular tree

We want to define a “decoration” on a tree, as we did in Chapter 3. Unfor-
tunately, as is observed in Remark 4.1.7(a), S is not a tree. However, since
S is connected and 15-regular with basepoint v0, it has a universal covering
graph which is a 15-regular tree, which we denote by T . Each vertex w ∈ |T |
corresponds to a non-backtracking path in S beginning at v0, which we write
as a sequence of vertices {v0, v1, ..., vn} with each vi ∈ |S| and vi−1 and vi
adjacent for 1 ≤ i ≤ n. We designate w0 := {v0} as the root of the tree T .
Since T is a tree, one may define the “distance” between two vertices in |T |
to be the number of edges in a simple path connecting them. For any integer
n ≥ 0, let |T |n (respectively |T |≤n, T≥n) denote the subset of vertices of T
which are of distance n (respectively ≤ n, ≥ n) from the root v0. The fact
that T is a tree also implies that each vertex v ∈ |T |n for n ≥ 1 has exactly
one “parent”, that is, a unique vertex ṽ ∈ |T |n−1 of distance 1 from v.

Proposition 4.1.8. For any v ∈ |S|, let Nv be the maximal Weil isotropic
subgroup of J [2m] for some m not containing J [2] which uniquely corresponds
to v as in the definition of S. For any w = {v0, ..., vn} ∈ |T |, let m(w) be
the unique integer such that Nvn < J [2m(w)] is a maximal Weil isotropic
subgroup. Then,

a) m(w) ≤ n and n−m(w) is even.
Let Nw = 2(m(w)−n)/2Nvn. Then the assignment w 7→ Nw has the following

properties.
b) If w ∈ |T |n, then Nw is a maximal Weil isotropic subgroup of J [2n];

and
c) If w ∈ |T |n for n ≥ 1, and w̃ ∈ |T |n−1 is its parent vertex, then

Nw > Nw̃ and Nw/Nw̃
∼= Z/2Z⊕ Z/2Z.

Proof. If w ∈ |T |1, then w = {v0, v1} and Nv1 is a maximal Weil isotropic
subgroup of J [2], so m(w) = 1 and parts (a) is clear. Thus, the claim of
(a) is proved for n = 1 (note that (a) is trivially true for n = 0). Choose
n ≥ 2, and assume inductively that all the claims are true for n− 1. Choose
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w = {v0, v1, ..., vn} ∈ |T |n; then we may apply the inductive assumptions to
w̃ = {v0, v1, ..., vn−1} ∈ |T |n−1. Lemma 4.1.5(b) implies that either m(w) =
m(w̃)+1 or m(w) = m(w̃)−1. In the former case, we have n−m(w) = (n−
1)−m(w̃), and in the latter case, we have n−m(w) = (n−1)−m(w̃)+2. So
in either case, the inductive assumption implies that m(v) ≤ n and n−m(w)
is even, thus proving part (a).

Let P,Q ∈ Nw. Then 2(n−m(w))/2P, 2(n−m(w))/2Q ∈ Nvn and, using the

identity in (4.1), we have ē
(n)
2 (P,Q) = 1. Thus, Nw is a Weil isotropic

subgroup of J [2n]. SinceNvn < J [2m(w)] is maximal Weil isotropic, by Lemma
4.1.1, |Nvn| = 22m(w). Then

|Nw| = |Nvn| · |J [2(n−m(w))/2]| = 22m(w) · 22(n−m(w)) = 22n. (4.6)

Now Lemma 4.1.1 implies that Nw is maximal Weil isotropic in J [2n], thus
proving part (b).

Lemma 4.1.5(b) implies that if m(w) = m(w̃) + 1, then Nvn > Nvn−1

with quotient isomorphic to Z/2Z ⊕ Z/2Z. But Nw = 2(m(w)−n)/2Nvn and
Nw̃ = 2(m(w)−n)/2Nvn−1 , and it follows immediately that Nw > Nw̃ with
Nw/Nw̃

∼= Z/2Z ⊕ Z/2Z. Lemma 4.1.5(b) also implies that if m(w) =
m(w̃) − 1, then Nvn−1 < Nvn with quotient isomorphic to Z/2Z ⊕ Z/2Z.
But Nw = 2(m(w)−n)/2Nvn and Nw̃ = 2(m(w)−n)/2 · 2Nvn−1 , and it follows im-
mediately again that Nw > Nw̃ with Nw/Nw̃

∼= Z/2Z⊕Z/2Z. Thus, part (c)
is proved.

Remark 4.1.9. Note that for general w,w′ ∈ |T |, Nw may contain J [2], and
that Nw = Nw′ does not imply that w = w′.

4.1.4 Decorations on 15-regular trees

Consider the set R consisting of all ordered triples (R1, R2, R3), where the
Ri’s are pairwise disjoint (unordered) 2-element subsets of P1

K̄
= K̄ ∪ {∞}.

We say that two such triples (R1, R2, R3), (R′1, R
′
2, R

′
3) ∈ R are permutation

equivalent if there is a permutation σ on {1, 2, 3} such that R′i = Rσ(i) for
i = 1, 2, 3. Let R̄ be the set of permutation equivalence classes of such
triples; we will write [(R1, R2, R3)] ∈ R̄ for the equivalence class of a triple
(R1, R2, R3). If R = [(R1, R2, R3)] ∈ R̄, let |R| := R1 ∪ R2 ∪ R3 ⊂ P1

K̄
;

clearly this set has cardinality 6 and is well-defined regardless of the choice
of representative for R.
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Define M : R →M3(K̄) to be the map which sends (R1, R2, R3)
= ({r1,1, r1,2}, {r2,1, r2,2}, {r3,1, r3,2}) ∈ R to the 3-by-3 matrix M(R) with
entries in K̄ defined as follows. If ∞ /∈ Ri, then the ith row of M(R) is
(ri,1ri,2,−(ri,1 + ri,2), 1). If ∞ ∈ Ri and we assume without loss of generality
that ri,2 =∞, then the ith row of M(R) is (−ri,1, 1, 0).

Let U ⊂ M3(K̄) be the subset of matrices A = (Ai,j) such that Ai,3x
2 +

Ai,2x + Ai,1 ∈ K̄[x] is a squarefree polynomial of degree 1 or 2 for each i,
and such that Ai,3 = 0 for at most one i ∈ {1, 2, 3}. Note that M(R) ⊂ U .
Now define N : U → R as follows. Let A = (Ai,j) be a matrix in U . Then if
Ai,3 6= 0, let Ri be the set of roots of the (squarefree) quadratic polynomial
Ai,3x

2 + Ai,2x + Ai,1 ∈ K̄[x], and if Ai,3 = 0, let Ri = {−Ai,1/Ai,2,∞}. It is
easy to check that N ◦M is the identity function on R.

For any matrix A ∈M3(K̄), let

A∨ =

0 0 1
0 −2 0
1 0 0

 adj(A),

where adj(A) := det(A)A−1 denotes the adjugate of A.
If (R1, R2, R3) ∈ R such that M((R1, R2, R3))∨ ∈ M(R), then we as-

sign Ri((R1, R2, R3)) = N(M((R1, R2, R3))∨). It turns out (see Proposition
4.1.11(b) below) that Ri((R1, R2, R3)) is defined for any (R1, R2, R3) ∈ R.
Moreover, this map Ri clearly respects permutation equivalence, so it de-
scends to a map Ri : R̄ → R̄, which we call the Richelot operator on R̄.

Definition 4.1.10. A decoration on the 15-regular tree T is a map Ψ :
|T |≥1 → R̄ with the following properties:

a) For any two distinct vertices w,w′ ∈ |T |≥1 with the same parent vertex,
Ψ(w) 6= Ψ(w′).

b) For any vertex w ∈ |T |1, |Ψ(w)| = {αi}5
i=1 ∪ {∞} if d = 5, and

|Ψ(w)| = {αi}6
i=1 if d = 6.

c) For any vertex w ∈ |T |≥2, |Ψ(w)| = |Ri(Ψ(w̃))| but Ψ(w) 6= Ri(Ψ(w̃)).

The following proposition shows that there exists a decoration on T .

Proposition 4.1.11. Let Ψ be a decoration on T . Then we have the follow-
ing:

a) There are exactly 15 permutation equivalence classes R ∈ R̄ with the
property that |R| = {αi}5

i=1 ∪ {∞}.
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b) The Richelot operator Ri is defined for all permutation classes in R̄
(in particular, Ri(Ψ(w)) is defined for any w ∈ |T |≥1).

c) For any w ∈ |T |≥1, up to permutation equivalence, there are exactly
14 permutation equivalence classes R ∈ R̄ such that |R| = |Ri(Ψ(w))| but
R 6= Ri(Ψ(w)).

Remark 4.1.12. Proposition 4.1.11 implies that a decoration exists via the
following argument. For each N ≥ 1, define FN to be the set of all functions
Ψ : |T |≤N \ {v0} → K̄ which satisfy Definition 4.1.10 for v ∈ |T |≤N \ {v0}.
Clearly, each FN is finite, and for each N < N ′, there is a map FN ′ → FN
by restriction, so it will suffice to show that each FN is nonempty (because
the inverse limit of nonempty sets is also nonempty). Part (a) implies that
F1 is nonempty, and parts (b) and (c) show that if FN is nonempty, then so
is FN+1; thus, FN is nonempty for all N as desired.

Proof. Note that there are exactly 1
3!

(
6
2

)(
4
2

)(
2
2

)
= 15 partitions of 6 objects

into 3 pairs. It immediately follows that if S is any element of R̄, there
are 15 partitions of the 6 elements of |S| into 3 pairs, and thus, there are
15 permutation equivalence classes R such that |R| = |S|. Part (a) follows
from the fact that {αi}5

i=1 ∪ {∞} is a set of 6 objects. Let (R1, R2, R3)
be a representative of a permutation equivalence class in R ∈ R̄, and let
A = M((R1, R2, R3)). Then the polynomial

∏3
i=1(Ai,3x

2+Ai,2x+Ai,1) ∈ K̄[x]
is squarefree and has degree 5 or 6. By Lemma 8.4.2 of [29],

∏3
i=1((A∨)i,3x

2 +
(A∨)i,2x + (A∨)i,1) ∈ K̄[x] is also squarefree of degee 5 or 6. Then A∨ ∈ U ,
so Ri(R) = N(A∨) is defined, thus proving part (b). In particular, for any
w ∈ |T |≥1, Ri(Ψ(w)) is defined and |Ri(Ψ(w))| ⊂ P1

K̄
has cardinality 6. Part

(c) then follows from the same combinatorial argument as was used to prove
(a).

4.2 Field of dyadic torsion for genus 2

Define Kn for n ≥ 0 and K∞ as in §2.6. Let G be the image of the natural
homomorphism ρ2 : Gal(K̄/K)→ GL(T2(J)) := AutZ2(T2(J)). As in §2.3.2,

for any integer n ≥ 0, we write ρ̄
(n)
2 : Gal(Kn/K) → GL(J [2n]) for the

homomorphism induced by the natural Galois action on J [2n], and denote
its image by Ḡ(n). Let G(n) denote the kernel of the natural surjection
G � Ḡ(n); it is the image under ρ2 of the normal subgroup Gal(K̄/Kn) �
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Gal(K̄/K). Note that G(0) = G. For any extension field K ′ of K, let
K ′(µ2) =

⋃∞
n=1K

′(ζ2n).
We now state the main theorem, which we will prove in the remainder of

this section.

Theorem 4.2.1. Assume the above notation, and let Ψ be a decoration on
T . Set

K ′∞ := K({Ψ(v)}v∈|T |\{v0}).

a) Choose i, j ∈ {1, 2, ..., 5} with i 6= j, and choose an element ai,j ∈ K̄
whose square is αi − αj (resp. (αi − αj)

∏
1≤l≤5
l 6=i,j

(αl − α6)}1≤i<j≤6 if d = 5

(resp. if d = 6). Then we have

K∞ = K ′∞(ai,j)(µ2).

b) Any Galois automorphism whose image under ρ2 is the scalar matrix
−1 ∈ Γ(2) acts on K∞ by fixing K ′∞(µ2) and sending ai,j to −ai,j for 1 ≤
i, j ≤ 5, i 6= j.

4.2.1 The Richelot isogeny

We define the Richelot isogeny following [29] (see also [9]). The statements
of all results in this section assume that the ground field is K, although all
results remain true for any algebraic extension of K. If f ∈ K[x] is a square-
free polynomial of degree 5 or 6 and f = g1g2g3 with each gi ∈ K[x] a linear
or quadratic polynomial, we will refer to the triple (g1, g2, g3) as a quadratic
splitting (of f = g1g2g3). (Note that if (g1, g2, g3) is a quadratic splitting, at
most one of the gi’s is linear.) For any quadratic splitting (g1, g2, g3), where
each gi = gi3x

2 + gi2x+ gi1 with each gij ∈ K, let g be the matrix in M3(K̄)
whose (i, j)th entry is gij.

Now for any quadratic splitting (g1, g2, g3), for i = 1, 2, 3, if gi is quadratic,
let Rgi be the set of roots of gi, and if gi is linear, let Rgi = {α,∞} where α
is the zero of gi. Then (Rg1 , Rg2 , Rg3) is clearly an element of R.

For two polynomials g1, g2 ∈ K[x], we denote [g1, g2] = g1g
′
2− g2g

′
1, where

the ’ symbol indicates the derivative. If (g1, g2, g3) is a quadratic splitting,
write Ri((g1, g2, g3)) = (h1, h2, h3), where hi = [hi+1, hi+2] for i = 1, 2, 3 (here
we are treating i as an element of Z/3Z), and we say that Ri((g1, g2, g3))
is the Richelot isogenous quadratic splitting. The next proposition shows
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that applying Ri to a quadratic splitting is compatible to applying Ri to the
corresponding element of R.

Proposition 4.2.2. Let (g1, g2, g3) be a quadratic splitting; let (h1, h2, h3) =
Ri(g1, g2, g3); and assume the above notation. Then we have (Rh1 , Rh2 , Rh3) =
Ri((Rg1 , Rg2 , Rg3)) ∈ R. In particular, (Rh1 , Rh2 , Rh3) is an element of R,
or equivalently, h1h2h3 is squarefree of degree 5 or 6.

Proof. The first statement is straightforward to check through computation,
in particular, by proving the identity h = g∨ (where h is the matrix defined
for (h1, h2, h3) as g was for (g1, g2, g3)). The fact that h1h2h3 is squarefree of
degree 5 or 6 follows from the first statement and Proposition 4.1.11(b) and
is the statement of Lemma 8.4.2 in [29] in any case.

Recall that C is a hyperelliptic curve of degree d = 5 or d = 6. As in
Chapter 1, let B ⊂ P1

K̄
be the subset consisting of the x-coordinates of the

branch points of C, where the x-coordinate of a point at infinity is ∞ ∈ P1
K̄

,
so B = {αi}5

i=1 ∪ {∞} if d = 5 and B = {αi}6
i=1 if d = 6.

We define a bijection between the maximal Weil isotropic subgroups of
J [2] and the permutation equivalence classes R ∈ R̄ with |R| = B as follows.
By Proposition 1.2.1(a), each element of J [2] is represented by a divisor of the
form eU :=

∑
α∈U(α, 0)−#U · (∞), where U ⊆ B has even cardinality, and

conversely, any such divisor eU represents an element of J [2], and that two
such subsets U,U ′ ⊆ B, eU and eU ′ are equivalent in Pic0(C) if and only if
U = U ′ or U = B\U ′. Thus, any element of J [2] is represented uniquely by a
divisor of the form eU , where U ⊂ B has cardinality 0 or 2. By slight abuse of
notation, if U ⊂ B has cardinality 0 or 2, we will consider eU to be an element
of J [2]. Note that with this notation, the trivial element of J [2] is e∅. It
follows from Lemma 4.1.4 that two elements eU , eU ′ ∈ J [2] are Weil isotropic
if and only if U ∩ U ′ = ∅. Thus, if N < J [2] is a maximal Weil isotropic
subgroup, then N = 〈eU , eU ′〉, for some U,U ′ ⊂ B each of cardinality 2 and
U ∩ U ′ = ∅. Then N = {e∅, eU , eU ′ , eU ′′}, where U ′′ = B \ (U ∪ U ′). Thus,
[(U,U ′, U ′′)] ∈ R̄ with |(U,U ′, U ′′)| = U ∪ U ′ ∪ U ′′ = B, and the equivalence
class [(U,U ′, U ′′)] is uniquely determined by N . Conversely, any equivalence
class [(R1, R2, R3)] ∈ R̄ with |[(R1, R2, R3)]| = R1 ∪R2 ∪R3 = B determines
a maximal Weil isotropic subgroup of J [2] given by {e∅, eR1 , eR2 , eR3}. This
defines the bijection.
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The following theorem, which states the existence of Richelot isogenies,
is proved in [29], §8.4.

Theorem 4.2.3. Assuming all of the above notations, let (g1, g2, g3) be a
quadratic splitting of the polynomial f(x) ∈ K[x], so Rg := [(Rg1 , Rg2 , Rg3)] ∈
R̄ with |Rg| = B. Let N be the maximal Weil isotropic subgroup of J [2]
corresponding to Rg. Assume that det(g) 6= 0. Let C be a smooth projective
model of the affine hyperelliptic curve defined over K given by

y2 = Df(x), (4.7)

where D ∈ K, and let J be its Jacobian. Let C ′ be a smooth projective model
of the affine hyperelliptic curve, defined over K(Rg), given by

y2 = det(g)−1Dh1h2h3, (4.8)

where (h1, h2, h3) = Ri(g1, g2, g3), and let J ′ be its Jacobian. Then
a) there is an isogeny ψ : J → J ′ (defined over K(Rg)) whose kernel is

N ; and
b) the image of J [2] under ψ is the maximal Weil isotropic subgroup of

J ′[2] corresponding to Ri(Rg).

The isogeny ψ : J → J ′ in the above theorem is known as the Rich-
elot isogeny corresponding to N , and C ′ (resp. J ′) is often referred to as
the Richelot isogenous curve (resp. Jacobian). This Richelot isogeny ψ is
given explicitly in §3 of [3] as follows. Any divisor class in Pic0(C) can be
represented by a divisor of the form (x, y) − (α, 0), with α ∈ Rg1 . We set
ψ([(x, y)− (α, 0)]) = [(z1, t1)− (z2,−t2)], where z1 and z2 are the roots of the
polynomial in g2(x)h2(z) + g3(x)h3(z) ∈ F [z], and

yti = det(g)−1g2(x)h2(zi)(x− zi) (4.9)

for i = 1, 2.

Remark 4.2.4. If (g1, g2, g3) is a quadratic splitting of f(x) and if det(g) = 0,
then J is isogenous to the product of two elliptic curves (see, for instance,
Chapter 14 of [9]). If (h1, h2, h3) = Ri((g1, g2, g3)), then det(h) = 2 det(g)2,
so in this case det(h) = 0 also.
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4.2.2 Compositions of (2, 2)-isogenies of Jacobians

We now assign to each w ∈ |T |n a Jacobian surface Jw and an isogeny
φw : J → Jw whose kernel is Nvn , which we will later show is defined over
K(Nvn).

Set Jw0 = J , and let φw0 : J → Jw0 be the identity isogeny.
For any w ∈ |T |1, let Cw (resp. Jw) be the Richelot isogenous curve (resp.

Jacobian) corresponding to Nw as in Theorem 4.2.3, and let φw : J → Jw be
the corresponding Richelot isogeny. As in the above discussion, the maximal
Weil isotropic subgroup Nw < J [2] determines a permutation equivalence
class Rw ∈ R̄, and that |Ri(Rw)| is the set B of x-coordinates of branch
points of Cw. Moreover, the form of (4.9) shows that φw and Jw are defined
over K(Rw).

Now choose w ∈ |T |n for some n ≥ 1, and assume inductively that a
curve Cw whose Jacobian is Jw, as well as an isogeny φw : J → Jw whose
kernel is Nw, have been defined. Assume further that we have defined a
curve Cw̃ whose Jacobian is Jw̃ and an isogeny φw̃ : J → Jw̃ whose kernel
is Nw̃. Moreover, assume that we have assigned an element Rw ∈ R such
that |Rw| is the set of x-coordinates of branch points of Cw̃. Let u ∈ |T |
with w = ũ. Then there is a corresponding maximal Weil isotropic subgroup
Nu < J [2n+1] containingNw. So φw(Nu) is a maximal Weil isotropic subgroup
of Jw[2], which again determines a permutation equivalence class Ru ∈ R̄
such that |Ru| is the set of x-coordinates of branch points of Cw. Thus,
|Ru| = |Ri(Rw)|. Now let Cu (resp. Ju) be the Richelot isogenous curve
(resp. Jacobian) and ψu : Jw → Ju be the Richelot isogeny associated to
the maximal Weil isotropic subgroup φw(Nu) < Jw[2] as in Theorem 4.2.3.
Then φu := ψu ◦ φw : J → Ju is an isogeny whose kernel is Nu. Since the
parent of every vertex in |T |n+1 is a vertex in |T |n, it follows that through
the method described above, we have defined the desired Cw, Jw and φw for
all w ∈ |T |n+1.

In this way, Cw, Jw, φw, and Rw ∈ R are defined for all w ∈ |T |≥1.
Furthermore, for all w ∈ |T |, we define Kw to be the extension of K obtained
by adjoining the coefficients of the Weierstrass equation of Cw given above.

Lemma 4.2.5. Using the above notation, define Ψ : |T |≥1 → R̄ by setting
Ψ(w) = Rw for w ∈ |T |≥1. Then Ψ is a decoration on T .

Proof. We have to show that the conditions in Definition 4.1.10 are fulfilled.
First, let w,w′ ∈ |T |n for some n ≥ 1, and assume they have the same parent
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vertex. So there are maximal Weil isotropic subgroups Nw, Nw′ < J [2n],
Nw̃ < J [2n−1], such that Nw, Nw′ > Nw̃. Then φw̃(Nw) and φw̃(Nw′) are
distinct maximal Weil isotropic subgroups of Jw̃[2], and it follows that the
associated elements Ψ(w) = Rw,Ψ(w′) = Rw′ ∈ R̄ must be distinct, thus
satisfying part (a).

It is clear from the construction of Rw for w ∈ |T |1 that part (b) is
satisfied.

Finally, let u = {v0, ..., vn−1, vn, vn+1} ∈ |T |n+1 and w = ũ ∈ |T |n. Then
by the above construction, φw = ψw ◦φw̃, where ψw : Jw̃ → Jw is the Richelot
isogeny associated to the maximal Weil isotropic subgroup φw̃(Nw) < Jw[2].
Now suppose that Ψ(u) = Ru coincides with Ri(Ψ(w)) = Ri(Rw). Then
Theorem 4.2.3(b) says that φw(Nu) is the image of Jw̃[2] under ψw. It follows
that Nw̃ = 2Nu. Then by the definition of w 7→ Nw given in Proposition
4.1.8, Nvn−1 = Nvn+1 , so vn+1 = vn−1, which contradicts the fact that the
path u = {v0, ..., vn−1, vn, vn+1} ∈ |T | is non-backtracking. Thus, Ψ(u) 6=
Ri(Ψ(w)), and part (c) is satisfied.

Definition 4.2.6. For any integer n ≥ 0, define the extension K ′n of K to
be the compositum of the fields Kw for all w ∈ |T |≥1. Define the extension
K ′∞ of K̄ to be the infinite compositum

K ′∞ :=
⋃
n≥0

K ′n.

In this way, we obtain a tower of field extensions

K = K ′0 ⊂ K ′1 ⊂ K ′2 ⊂ ... ⊂ K ′n ⊂ ..., (4.10)

with K ′∞ =
⋃
n≥0K

′
n.

Lemma 4.2.7. For any w ∈ |T |n, let {w0, w1, ..., wn} be the sequence of
vertices in the path of length n from w0 to w. Let K̃w denote the compositum
of the fields Kw for all w ∈ {w0, w1, ..., wn}. Then

K̃w = K({Rw}w∈{w1,w2,...,wn}).

Proof. This is trivial for n = 0. Now assume inductively that the statement
holds for some n ≥ 0 and all w ∈ |T |n. Choose any w ∈ |T |n+1. We may
apply the inductive assumption to w̃, since w̃ ∈ |T |n. One checks from the
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form of (4.8) that the curve Cw, and hence also its Jacobian Jw, are defined
over K̃w̃(Rw).

It will now suffice to show that any field over which Jw is defined must
contain K̃w̃(Rw), and it will follow that K̃w = K̃w̃(Rw). To do this, recall
that φw : J → Jw is the composition of φw̃ : J → Jw̃ with a Richelot isogeny
ψw : Jw̃ → Jw whose kernel is the maximal Weil isotropic subgroup N :=
φw̃(Nw) < Jw̃[2]. Let σ be an automorphism of the field K̃w̃(Jw̃[2]) fixing K̃w̃,
and suppose that σ fixes ψw and Jw. Since ψσw : Jw̃ → Jσw is an isogeny whose
kernel is Nσ, it follows that σ stabilizes N as well. Therefore, any field over
which ψw and Jw are defined must contain the subfield K ′ ⊂ K̃w̃(Jw̃[2]) fixed
by all such automorphisms σ which stabilize N . Recall that the 4 elements of
N are represented by divisors of the form e∅, eR1 , eR2 , eR3 ∈ Div0(Jw̃), where
Rw = [(R1, R2, R3)]. Thus, K ′ is the field fixed by all automorphisms σ which
fix (R1, R2, R3). It is easy to check from the construction of M : R →M3(K̄)
that this field is generated by the entries of M(Rw), and so K ′ = K̃w̃(Rw),
as desired.

Proposition 4.2.8. a) For any n ≥ 1, K ′n = K({Ψ(w)}w∈|T |≤n\{w0}) for any
decoration Ψ on T .

b) As in the statement of Theorem 4.2.1, K ′∞ = K({Ψ(w)}w∈|T |≥1
) for

any decoration Ψ on T .
(In particular, the extensions K({Ψ(w)}w∈|T |≤n\{w0}) and K({Ψ(w)}w∈|T |≥1

)
do not depend on the choice of decoration Ψ.)

Proof. It follows directly from the definition of K ′n and the statement of
Lemma 4.2.7 that

K ′n = K({Rw})w∈|T |≤n\{w0}), (4.11)

from which it follows that

K ′∞ = K({Rw}w∈|T |\{w0}). (4.12)

Therefore, it suffices to show that for any decoration Ψ, K({Ψ(w)}w∈|T |n\{w0}) =
K({Rw}w∈|T |n\{w0}). Choose any decoration Ψ. By Definition 4.1.10 parts (a)
and (b), the 15 elements Ψ(v) for v ∈ |T |1 are representatives of all 15 permu-
tation equivalence classes of elements R ∈ R such that |R| = {αi}5

i=1 ∪{∞}.
It follows that there is a permutation σ on |T |1 such that for each v ∈ |T |1,
Ψ(v) = Rσ(v). Now assume inductively that for some n ≥ 1, there is a permu-
tation σ on |T |≤n which preserves distances between vertices (in particular,
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it acts on each |T |i for 1 ≤ i ≤ n), such that Ψ(w) = Rσ(w) for all w ∈ |T |≤n.
Now choose any w ∈ |T |n. By Definition 4.1.10 parts (a) and (c), the 14 ele-
ments Ψ(u) for any u such that w = ũ coincide with the 14 elements R ∈ R̄
such that |R| = |Ri(Rw)|. It follows from the inductive assumption that for
each such u, there is a unique u′ whose parent is σ(w) such that Rw = Ψ(u′).
Extend σ to be a permutation on |T |n+1 by assigning σ(u) = u′. Since every
vertex in |T |n+1 has its parent in |T |n, it is clear that σ is defined on |T |n+1;
moreover, one can easily check that σ is still a permutation which preserves
distances between vertices. Thus, we have the equalities

K({Ψ(w)}w∈|T |≤n+1\{w0}) = K({Rσ(w))}w∈|T |≤n+1\{w0})

= K({Rw}w∈|T |≤n+1\{w0}), (4.13)

and we are done.

Proposition 4.2.9. With the above notation,
a) the isogeny φw is defined over K(Nw), and Kw ⊆ K(Nw),
b) for all n ≥ 0, K ′n ⊆ Kn, and equality holds for n = 0, 1.

Proof. First of all, we have shown in the proof of Lemma 4.2.7 that φw is
defined over K(Nw) for w ∈ |T |1, and that in this case, Kw = K̃w is the
subfield of K1 fixed by all automorphisms σ ∈ Gal(K1/K) which stabilize
Nw. It follows that Kw ⊆ K(Nw), and part (a) is proved in the case that
n = 1. Now by Proposition 4.2.8(a), K ′1 = K({Rw}w∈|T |1). The fact that
this is contained in K({αi}6

i=1) = K1 follows immediately from the fact
that |Rw| = {αi}6

i=1 for each w ∈ |T |1. Since K ′1 is the compositum of all
such subfields K(Rw), and each K(Rw) is the subfield of K1 fixed by all
automorphisms σ ∈ Gal(K1/K) which stabilize Nw, it follows that K ′1 is
the subfield of K1 fixed by the elements of Gal(K1/K) which stabilize all
maximal Weil isotropic subgroups Nw < J [2]. But the only such Galois
element is the identity, so K ′1 = K1. This proves equality in the n = 1 case
of the statement of part (b) (the equality in the n = 0 case is trivial). Thus,
all claims are proved for n = 1.

Now assume inductively that for some n ≥ 1 and all w ∈ |T |n, φw is
defined over K(Nw) and Kw ⊆ K(Nw). Choose any w ∈ |T |n+1. We may
apply the inductive assumption to w̃, since w̃ ∈ |T |n. Since Nw is defined
over K(Nw) and φw̃ is defined over K(Nw̃) ⊆ K(Nw), it follows that φw̃(Nw)
is defined over K(Nw). Now the Richelot isogeny ψw : Jw̃ → Jw is defined
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over Kw̃(φw̃(Nw)) ⊆ K(Nw) by Theorem 4.2.3(a), so φw = ψw ◦φw̃ is defined
over K(Nw). Moreover, since Jw is the image of Jw̃ under ψw, Jw is defined
over K(Nw). Since Kw is the extension of K over which Cw (and hence also
Jw) are defined, it follows that Kw ⊆ K(Nw), thus proving part (a).

Now part (a) and the fact that K ′n is the compositum of the fields Kw

for all w ∈ |T |≤n\{w0} imply that K ′n is contained in the compositum of
the extensions K(Nw) for all w ∈ |T |≤n\{w0}. Since {Nw}w∈|T |≤n clearly
generates J [2n], this compositum is Kn. Thus, K ′n ⊆ Kn, which is the
statement of (b).

4.2.3 The subfield fixed by the scalar subgroup

For any Galois element σ ∈ Gal(K̄/K) and any element R = [(R1, R2, R3)]
∈ R̄, we defineRσ = [(Rσ

1 , R
σ
2 , R

σ
3 )] ∈ R̄ by letting eachRσ

i be the cardinality-
2 set obtained by letting σ act on the elements of Ri (with the convention
that σ fixes∞). It is clear that this action of Gal(K̄/K) on R̄ is well defined.

We now characterize the compositum of the fields of definition of these
isogenous Jacobians as the fixed subextension of K∞/K corresponding to the
scalar subgroup of G. In order to do so, we first want to determine how the
absolute Galois group of K acts on the Rw’s defined above. We will adopt
the following notation. The automorphism group GL(T2(J)) acts on the set
of rank-4 Z2-lattices in V2(J) by left multiplication, and this action stabilizes
|S| since GL(T2(J)) fixes T2(J)). The Galois equivariance of the Weil pairing
implies that the image under ρ2 of GK in GSp(T2(J)) ⊂ AutQ2(V2(J)) acts
on |S|. It is straightforward to check that this action preserves adjacency
of the vertices. Thus, the Galois group acts on the set of non-backtracking
paths starting at v0 in S, and so it acts on the vertices of the universal
covering graph T ; in particular, each |T |n is stable under this action. We
will denote the action of G ⊂ GSp(T2(J)) on |T | by (s, w) 7→ s · w for an
automorphism s and a vertex v. Note that this action of G, when restricted
to |T |≤n, factors through G� Ḡ(n). We similarly denote the resulting action
of Ḡ(n) on the induced subtree whose set of vertices is |T |n by (s̄, w) 7→ s̄ ·w
for an automorphism s̄ and a vertex w.

For any Galois element σ ∈ Gal(K̄/K) and vertex w ∈ |T |, let wσ :=

ρ2(σ) · w. If w ∈ |T |≤n for some n ≥ 1, then let wσ|Kn = ρ̄
(n)
2 (σ) · w.

87



Lemma 4.2.10. For any σ ∈ Gal(K̄/K) and w ∈ |T |, we have Rσ
w = Rwσ

up to permutation equivalence. If w ∈ |T |≤n, then R
σ|Kn
w = Rwσ|Kn .

Proof. Choose any σ ∈ Gal(K̄/K). We will prove that Rσ
w = Rwσ for all

w ∈ |T |n for each n ≥ 1.
First, let w ∈ |T |1. Then Nw is the maximal Weil isotropic subgroup

of J [2] corresponding to Rw; in other words, if Rw = (R1, R2, R3), then
Nw = {e∅, eR1 , eR2 , eR3}, using the notation given in Proposition 1.2.1. Note
that eσRi = eRσi . So

Nwσ = Nσ
w = {e∅, eRσ1 , eRσ2 , eRσ3 }, (4.14)

and Rσ
w = [(Rσ

1 , R
σ
2 , R

σ
3 )] is the corresponding element of R̄. This proves

the first statement for n = 1. From the construction in Theorem 4.2.3, this
implies that Cwσ = Cσ

w, and so Jwσ = Jσw. Moreover, one can check from the
explicit definition of the Richelot isogeny in §4.2.1 that φwσ = φσw.

Now choose n ≥ 2 and assume inductively that for all w ∈ |T |n−1, Rwσ =
Rσ
w, as well as the analogous statements for Cwσ , Jwσ , and φwσ . Choose

w ∈ |T |n; then w̃ ∈ |T |n−1 and we may apply the inductive assumptions to
w̃. Then we have

φw̃σ(Nwσ) = φσw̃(Nσ
w) = (φw̃(Nw))σ. (4.15)

So ψwσ is the Richelot isogeny corresponding to the maximal Weil isotropic
subgroup (φw̃(Nw))σ < Jσw̃[2]. Then by a similar argument as was used
in the n = 1 case, Rwσ = Rσ

w. Again, from the construction in Theorem
4.2.3, this implies that Cwσ = Cσ

w, and so Jwσ = Jσw. Moreover, again one
can check from the explicit definition of the Richelot isogeny in §4.2.1 that
ψwσ = ψσw : Jσw̃ → Jσw. Thus, φwσ = ψwσ ◦ φw̃σ = ψσw ◦ φσw̃ = φσw, as desired.

Now let w ∈ |T |≥n. Then Rw is fixed by all elements of Gal(K̄/Kn), and
one checks from the definitions that wσ = wσ|Kn for any σ ∈ Gal(K̄/K).
Thus, the second statement follows from the first.

The statement of the following proposition is identical to that of Propo-
sition 3.2.12, but is now claimed and proved in the case of genus 2.

Proposition 4.2.11. For all n ≥ 1, the image of Gal(Kn/K
′
n) under ρ̄

(n)
2

coincides with the subgroup of scalar automorphisms in Ḡ(n).
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Proof. Fix n ≥ 1. Since K ′n ⊇ K1 for each n ≥ 1, we only need to consider
the Galois subgroup Gal(Kn/K1). Part (a) of Proposition 4.2.8, with the help
of Lemma 4.2.5, implies that K ′n is generated over K1 by the entries of the
matrices M(Rw) for all w ∈ |T |≤n \ {w0}. Note that a Galois automorphism
fixes all the entries of M(Rw) if and only if it fixes Rw. Therefore, the
elements of Gal(K∞/K1) which fix K ′n are exactly those which fix all of the
permutation equivalence classes Rw ∈ R̄ for all w ∈ |T |≤n\{v0}. Lemma

4.2.10 implies that, for any σ ∈ Gal(Kn/K1), R
σ|Kn
w = Rwσ|Kn , so the Galois

automorphisms in Gal(Kn/K1) which fix Rw for all w ∈ |T |≤n are the ones

sent by ρ̄
(n)
2 to the elements of GSp(J [2n]) that fix all vertices in |T |≤n. Let

ζ ∈ GSp(J [2n]) be such an automorphism. Then all maximal Weil isotropic
subgroups of J [2n] are stable under ζ. Let P be an element of order 2n

in J [2n]. Then ζ stabilizes the intersection of all maximal Weil isotropic
subgroups of J [2n] which contain P , which is 〈P 〉. So ζ takes P to an odd
scalar multiple of P for all P of order 2n in J [2n] (and hence for all P ∈ J [2n]).
But the endomorphisms of the Z/2nZ-module J [2n] which take every element
to an odd scalar multiple of itself are scalar automorphisms in GSp(J [2n]).

Conversely, scalar automorphisms of G fix all vertices of T , and so ρ̄
(n)
2 maps

Gal(Kn/K
′
n) onto the subgroup of scalar automorphisms in G.

With the help of Lemma 3.2.14, which was used to prove Theorem 3.2.1,
it is now easy to prove the analogous Theorem 4.2.1.

Proof (of Theorem 4.2.1) . The statement of Theorem 4.2.1 follows directly
from Lemma 3.2.14 with the degree taken to be d = 5 or d = 6, together
with Lemmas 4.2.8 and 4.2.11.

4.3 Subextensions associated to the Kummer

surface

We retain all notation of the previous sections; in addition, assume that we
have chosen i, j ∈ {1, 2, ..., 5} with i 6= j and an element ai,j ∈ K̄ as in
the statement of Theorem 4.2.1. Since J is a Jacobian surface, there is an
associated quartic surface K over K, known as the Kummer surface, and a
morphism x : J → K defined over K. This surface K and the morphism
x are defined explicitly in Chapter 3 of [9]. It is also shown there that for
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points P,Q ∈ J(K̄), x(P ) = x(Q) if and only if Q = ±P ; in other words, x
is a quotient map of the obvious multiplicative action of {±1} on J . In this
way, x : J → K is analogous to the degree-2 map of an elliptic curve onto
the projective x-line. Therefore, it is not surprising that we have an analog
of Proposition 3.3.1 for J .

Proposition 4.3.1. Write K(x(J [2n])) (resp. K(x(J [2∞]))) for the exten-
sion of K obtained by adjoining the coordinates of the images under x of all
elements of J [2n] (resp. J [2∞]). Then

a) Kn = K(x(J [2n]))(ai,j) for all n ≥ 2;
b) K ′n(ζ2n) ⊆ K(x(J [2n])) for all n ≥ 1; and
c) K ′∞(µ2) = K(x(J [2∞])).

Proof. The Galois equivariance of the Weil pairing implies that Kn ⊃ K(ζ2n)
for each n ≥ 0 and that K∞ ⊃ K(µ2). For any n ≥ 1, the subgroup of
Gal(Kn/K) which fixes the images under x of the points in J [2n] can be
identified with the elements of G ⊂ GSp(T2(J)) which send each point P ∈
J [2n] either to P or to −P . The only such automorphisms in GSp(T2(J)) are
the scalars ±1. Thus, K(x(J [2n])) is the subextension of Kn corresponding
to the subgroup Ḡ(n)∩{±1}� Ḡ(n)∩GSp(J [2n]), and similarly, K(x(J [2∞]))
is the subextension of K∞ corresponding to the subgroup G ∩ {±1} � G ∩
Sp(T2(J)). Part (b) now follows from the fact that, by Galois invariance and
Proposition 3.2.12, K ′n(ζ2n) is the fixed field corresponding to the subgroup of
scalars in G∩Sp(T2(J)), which contains G∩{±1}. Part (c) follows similarly.
Note that ai,j ∈ K2 by Theorem 1.2.2. Therefore, we already have part (a)
if G ∩ {±1} is trivial, so we assume that −1 ∈ G. Then Kn is a quadratic
extension of K(x(J [2n])), and a generator is any element in Kn which is
not fixed by −1. It follows from Theorem 2.4.1 and Proposition 2.6.4 that
ai,j ∈ K2 ⊆ Kn is not fixed by −1, hence the statement of part (a).
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